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A B S T R A C T
A com bined  ex p erim en ta l an d  num erical m ethodo logy  w as em ployed to  in ­
vestiga te  th e  dynam ic  response  of th e  e lec tron  s to rag e  ring  d ipole m ag n e ts  located  
in th e  C en ter for A dvanced M icro stru c tu ra l D ei'ices (C A M D ) a t L ouisiana S ta te  
U niversity  (L .S .U ). T h e  m ag n e t a re  highly an iso trop ic  an d  can  n o t be analysed  for 
d y nam ic  response  w ith o u t know ledge of th e  effective elastic  p ro p e rtie s . T he th e ­
ory of w ave p ro p ag a tio n  in con junction  w ith  finite e lem en t analysis  was used to  
d e te rm in e  th e  v a ria tio n  of th e  effective m o d u lu s  of e lastic ity  m ag n e ts  in question . 
T h e  s tru c tu re  o f th e  m ag n et was m odeled w ith  N A ST R A N . A th eo re tica l analysis 
was perfo rm ede  th a t  su p p o rte d  th e  ex p erim en ta l varia tion  of th e  m o d u lu s  of e las­
tic ity  w ith  v a ria tio n  of residual c lam ping  stress  th ro u g o u t th e  m ag n e t. rl  he effect 
of d am p in g  on  th e  effective m o du lus was also  exam ined . T h e  dynam ic  response  
of th ese  m ag n e ts  to  th e ir seism ic in p u t were analyzed . T h e  p a th  of th e  m o tion  of 
th e  e lec tron  an d  its  dev iation  from  th e  expec ted  p a th  du e  to  seism ic in p u t were 
d e te rm in ed .
IX
Chapter 1
Introduction
In th is  e ra  of th e  co m p u te r, th e  a p p e tite  for m ore  highly  so p h is tica ted  co m ­
p u ta tio n a l m ach in ery  is increasing . T h is  calls for la rger m em ories for th e  c o m p u te r 
a n d  c re a t an  ever-increasing  d em an d  for h igher d en sity  in te g ra te d  c ircu its . X -ray 
lith o g rap h y  p rom ises to  be to m o rro w ’s techn ique o f choice for th e  m a n u fa c tu r in g  
of m ic roc ircu its  [1,2]. In  recogn ition  of th e  need  for th e  U n ited  S ta te s  to  rem ain  
co m p etitiv e  in  th e  m icroch ip  m a rk e t, th e  C en te r for A dvanced M ic ro s tru c tu re  and  
D evices(C A M D ) w as estab lish ed  a t L ou isiana  S ta te  U niversity . T h is  cen te r is de­
signed to  use X -ray  lith o g rap h y  for th e  m a n u fa c tu re  of m i c r o c h i p s ' , ^ ] 1. T h e  h ea rt 
of th e  cen te r is an  e lec tron  s to rag e  ring( figure 1.1). T h is  s to rag e  rin g  consists of sev­
era l d ipo le , q u ad rap o le , a n d  sex tupo les m ag n e ts  ( f ig u re l . l ,  an d  fig u re l.2 ) . T able 1 
lis ts  th e  p a ra m e te rs  of th e se  m ag n e ts .
'N u m b tra  in the bracket* designate the reference* a t the end of the paper
1
2Figure 1.1: Storage ring
3w
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F ig u re  1.2: O ne  q u a r te r  o f th e  c ircu m feren ce  o f s to rag e  ring
M ag n e ts P a ra m e te r
D ip o le ,n u m b er 8
L en g th 2.3m
B end ing  R adu is 2 .928m
Field 1 .367T
Q u ad ru p o le s ,n u m b e r(8  Q F , 8 Q D , 4Q A ) 20
L en g th 0.3m
M ax im u m  g rad ien t 1 0 .7 T /m
S ex tu p o les , n u m b er(8  S F , 8 SD ) 16
L en g th 0.10m
M ax im u m  S tren g th 7 7 T /m 1
Table 1.1: Storage Ring M agnets Param eters
4O ne of th e  fac to rs  to  be considered  in ev a lu a tin g  th e  ex p ec ted  p e rfo rm an ce  
o f th e  s to ra g e  ring  in qu estio n  is th e  d y n am ic  resp o n se  o f its  d ipo le  m a g n e ts  to  seis­
m ic in p u t. T ab le  1.2 lis ts  th e  s to rag e  rin g  d ipole m a g n e t p a ra m e te rs . T h ese  m ag n ets  
a re  each a  la m in a te d  c o n stru c tio n  o f 1424 th in  p la te s(1 .5 m m X 6 l0 m n iX 7 8 0 m m  ). 
C o n sequen tly , th ey  a re  highly  an iso trop ic . As it is n o t feasib le to  an a ly se  p la te  
to  p la te  re sp o n se  ind iv idua lly , th e  m a g n e t h as  b een  tre a te d  as an  an iso tro p ic  con- 
tin u im . T h e  key fac to rs  in  analy sing  th e  d y n am ic  resp o n se  of th ese  m a g n e ts  are 
th e  averag e  p ro p e rtie s  th ro u g h  o u t th e  la m in a ted  s tru c tu re .C o n se q u e n tly  an  a p ­
p ro p r ia te  m e th o d  m u st be  selected  for d e te rm in in g  th e  effective p ro p e rtie s  o f the  
la m in a te d  s tru c tu re .
D e te rm in a tio n  of th e  bu lk  p ro p e rtie s  o f la m in a ted  s tru c tu re s  h as  been 
s tu d ie d  by several in v estig a to rs  [6-10]. H ow ever, th ey  a ssu m ed  th e ir  p la te s  to  be 
bond ed . T h e  only case re p o rte d  sim iliar to  th e  case of th is  in v estig a tio n  is th e  one by 
T a n a b e  e t a l [ l l ] .  T h ey  ex am in ed  th e  com pression  of a  p ro to ty p e  G ra d ie n t M agnet 
C ore  to  m easu re  th e  average  m o d u lu s  o f elastic ity . T h ey  p lo tte d  th e  p ro to ty p e 's  
core len g th  versus average  in te r la m in a r  p re ssu re . E v a lu a tin g  th e  average s tra in  
from  th a t  g ra p h , th e y  e s tim a te d  th e  average  m o d u lu s  o f th e  e las tic ity  o f th e  stack . 
In  th e ir  only su b seq u en t analysis  w ork th e  average  m o d u lu s  o f e las tic ity  o f th e  
p ro to ty p e  w as u sed , w hile it w ould a p p e a r  th a t  th e  m o d u lu s  o f th e  e las tic ity  should  
vary  th ro u g h o u t a  cu rved  m ag n e t. In th is  research  effort a  m ore  g enera l techn ique  
is in tro d u c e d  for d e te rm in ig  th e  bulk  p ro p e rtie s  of th e  cu rv ed  d ipo le  m ag n e t in 
q u estio n .
T h e  d e te rm in a tio n  of th e  m o d u lu s  o f e las tic ity  of an iso tro p ic  m a te ria ls
5by ap p ly in g  th e  th eo ry  o f wave p ro p o g a tio n  has been  used  by several in v estig a to rs  
[12-16}. H ow ever, these  researchers  app lied  th e  th eo ry  to  o b je c ts  an d  m a te ria ls  
d ifferen t fro m  th e  on e  considered  here. In  th is  resea rch  effo rt, th e  th eo ry  o f wave 
p ro p o g a tio n  is a d a p te d  for th e  so lu tion  of th e  p ro b lem  in question .
1.1 P r o b le m  S ta te m e n t
F ig u re  1.3 show s a  sketch of th e  C A M D  dipole m a g n e t . E ach  dipole 
m a g n e t u n d e r  s tu d y  here  is c o n s tru c te d  from  1,424 th in , s teel, C -sh ap ed  p la tes  
{F igure 1.4). T h e  plateB a re  com pressed  (F ig l .5 ) , an d  te n  s tra p s  a re  w elded to  the  
o u ts id e  o f th e  p la te  stack  to  hold it in a  com pressed  s ta te  (F ig u re  1.6). However, 
once th e  c lam p in g  p ressu re  is re leased , th e  co n tac t be tw een  p la te s  w eakens. T his 
re su lts  w hen th e  s tra p s  s tre tc h , allow ing th e  p la te s  to  sp rin g  back . As a re su lt, 
th e  a lread y  an iso tro p ic  m ag n e t becom es m o re  an iso tro p ic  and  in h om ogenous w ith  
re sp ec t to  its  e lastic  p ro p e rtie s . In  th is  research  effort th e  value and  v aria tio n  of the  
effective m o d u lu s  o f e las tic ity  in th e  la m in a ted  steel p la te  s tru c tu re  o f th ese  s to rag e  
ring  d ipole m a g n e ts  a re  d e te rm in ed . W ith  th a t  in fo rm atio n  th e  d y n am ic  response  
of th e  m a g n e t for its  seism ic in p u t is in v estiga ted .
6Energy,G eV 1.2 1.4
N u m b er of m ag n ets 8 —
B and angle(deg) 45 —
M agnetic  flux den sity  on  o rb it (T ) 1.367 1.596
L eng th  (m ) 2.3 —
M agnetic  g ap  on o rb it (m m ) 62 —
B ea m -s ta y -d e a r ra d u is  (m m )
H orizontal + 3 0 + 3 0
V ertical + 2 2 + 2 2
Steel w eight per m ag n e t (lb ) 15200 —
C o n d u c to r copper w eight (lb ) 1940 —
T otal m ag n e t w eight (lb ) 18750 —
N um ber o f tu rn s , to ta l 64 —
C u rre n t (A ) 845 1064
E ffidency(% ) 96 88
C o n d u c to r a re a  (m m  ) 214 —
V oltage d ro p  (V )
P er m ag n et 35.6 44.8
8 m ag n e ts , excluding leads 285 358
Pow er (K W )
P e r m ag n e t 30.1 47.7
8 m a g n e ts , exclud ing  leads 241 382
In d u c ta n ce  p er m ag n e t (m H ) 75 —
W ate r c ircu its  per m a g n e t 6 —
W ater flow p e r m ag n e t (g a l/m in ) 2.9 4.5
W ate r P ressu re  d ro p  (psi) 16 33
N u m b er o f p la tes  u sed  in
dipole m ag n e t 1432
T h ickness o f th e  p la te (in ) 1 /1 6 1 /1 6
W id th  o f th e  p la te (in ) 26.5 26.5
L eng th  o f th e  p la te s(in ) 33.5 33.5
T ab le  1.2: S to rag e  ring  d ipo le  m a g n e t p a ra m e te rs  a t 1.2 a n d  1.4 GeV
F ig u re  1.3: S to rag e  ring  dipole
833 b In
26 S In
F igu re  1.4: C -*haped plate*
Figure 1.5: compressed plates
F igu re  1.6: S tra p s  w elded on o u ts id e  of th e  compressed p la tes
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1.2 A cc o m p lish m e n ts
T h is  resea rch  h as  accom plished  th e  following:
1. An ex p erim en ta l d e te rm in a tio n  o f th e  effective m o d u lu s  of e las tic ity  of 
th e  m a g n e t in som e regions o f th e  m ag n e t.
2. A d e te rm in a tio n  of th e  effective m o d u lu s  of th e  m a g n e t in o th e r  regions 
o f th e  m a g n e t.
3. A dev elo p m en t of th eo re tic a l p ro p e rty  p red ic tio n s  based  on p la te  b e ­
h av io r a n d  a  co m parison  to  ex p erim en ta l p ro p e rty  values
4. An analysis  o f th e  d ynam ic  resp o n se  of th e  m ag n e t for seism ic in p u t 
a n d  a  p red ic tio n  of e lec tron  beam  e rro r  b o u n d s.
Chapter 2
Effective Properties of the 
Laminated Magnet
As w as m en tio n ed  in th e  p revious c h ap te r , one of th e  p r im a ry  goals o f th is 
resea rch  effort was to  d e te rm in e  th e  effective elastic  p ro p e rtie s  o f th e  lam in a ted  
m a g n e t. T h is  was acheived by com bined  th eo re tic a l an d  ex p e rim en ta l w ork. T he  
e x p e rim en ta l p a r t  w as based  on th e  fact th a t  th e  speed  of p ro p a g a tio n  of s tress 
waves in an  e lastic  m ed u im  can  be  m a th em atica lly  re la ted  to  e lastic  p ro p e rtie s .
2.1 T h eo ry  o f  w ave p ro p a g a tio n
In  th is  sec tion  th e  th eo ry  o f e lastic  wave p ro p a g a tio n  is d iscussed  breifly. 
I t  sh o u ld  be p o in ted  o u t th a t  th is  section is no t o rig inal b u t is is inc luded  h ere  to  
b u ild  u p  th e  fu n d a m e n ta l b ack g ro u n d  of th e  read er.
T h e re  a re  tw o  ty p es  of waves w hich could be  p ro p a g a te d  th ro u g h  an  ex ­
te n d ed  e lastic  solid. T hese  tw o ty p es  o f waves are  te rm e d  d ila te tio n a l an d  d isto r- 
tio n a l. T h e  p a rtic le  m o tio n  in a  p lane  d ila ta tio n a l wave is a long  th e  d irec tion  of
11
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F ig u re  2.1: S tresses acting  on a  sm all rec tan g u la r parallelep iped
p ro p a g a tio n (lo n g itu d in a l) , while in a  p lane  d is to rtio n a l wave it is p e rp en d icu la r to  
th e  d irec tio n  o f p ro p ag a tio n (tran sv e rse ). If th e  solid is u n b o u n d ed  these  a re  th e  
o n ly  tw o  ty p es  o f  wave w hich can be p ro p a g a ted  th rough  it |17]. W hen  th e  solid 
h a s  a  free su rface  o r w here  th e re  is a  su rface  b o u n d a ry  betw een tw o solids R ayleigh  
s u rfa c e  waves m ay  be p ro p o g a ted  [18]. O bviously th e  speed  of p ro p ag a tio n  o f a  
s tre s s  w ave in an  e lastic  m edu im  depends on th e  th e  effective p ro p e rtie s  o f  th a t  
m e d u im . C onsequen tly  th e re  m u st be  a re la tio n  betw een th e  w ave speed  an d  th e  
effective p ro p e rtie s  of th e  m ed ium .
F ig u re  2.1 shows th e  stresses ac tin g  on a sm all re c tan g u la r para lle lep ip ed . 
A s can  be  seen from  th e  figure, considering  th e  re su ltan t forces in th e  x  d irec tio n , 
w e have:
Fm — ( ff»* +  * f j?bx)by6z  -  <rmmbybz  +  {cmy +  ^ ^ b y ) b x b z
—ffgyixSz  +  (<r„ -|— —— 6z)bxby  — e w,b x b y  (2 .1)
Oz
W hich  sim plifies to
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F * = + % +  * £ * * * '  <2 -2 >
w ith  neglecting  o f b o d y  forces, N ew to n ’s law gives Fm =  \ ( p S z 6 y 6 z ) ^ f \  
w here  p  is th e  den sity  of th e  e lem en t a n d  u is th e  d isp lacem en t in  th e  x d irec tio n . 
T h u s
3 a mm da^y d<r.t
~  n r +  t t  ( 2 3 )
Sim ilarly ;
_ &*** . &*** . f r y  f2 4 i
5*  £y  £ z  1 '
a n d
a*ut a<rIV d a „
9 w  ~ dx dy  d z  * *
For an  iso trop ic  m edu im  th e  following re la tio n s  hold  tru e  
<r„ =  AA 4- 2p t „ ,  (2.6)
<Tn  ' AA + (2-7)
<rtM =  AA 4- 2 p i tt (2.8)
Gyi ~  fAZyt 1 (2.9)
( 2 . 1 0 )
( 2 . 11 )
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W here;
A -  + tw  + €„
an d  \  an d  p  a re  th e  L a m e ’s c o n sta n ts .
S u b s titu tin g  th e  above eq u a tio n s  in  2.3 th ro u g h  2.5 resu lts  in
d7u 8  8 6
p ~dt* =  +  2/“ « )  +  (2 1 2 )
By defin ition
0u
-  “ *  <2,3>
$u> <9u
• »  -  f c  +  *  (2 -M )
an d
'•*  -  e i  +  a i  ( 2 , 5 )
W h ere  u ,v ,u*  a re  th e  d isp lacem en t on x,y ,and  t  d irec tion  respectively
T h u s
d7u dA  / «  , - v
^  ft* =  (A + u <2 1 6 )
W here;
4 L x _y* — /. L. +  _4L . -fti) v  t »■» +  «u* +  a** '
S im ilarly
' S *  =  (A +  +  ^  *  , 2 1 7 )
#>^5- =  +  + x V , u. (2 .18)
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If we d iffe ren tia te  b o th  sides o f eq u a tio n  (2 .16) w ith  resp ec t to  x, b o th  
side o f (2 .17) w .r .t y, an d  b o th  sides of (2 .18) w .r.t. z, an d  ad d , we have:
=  (-* +  2 /i)V aA  (2 .19)
T h is  is th e  w ave eq u a tio n  a n d  show s th a t  th e  d ila ta tio n  A  is p ro p o g a ted  
th ro u g h  th e  m ed iu m  w ith  velocity
c =  |(A +  2 ^ ) / H } . (2-20)
I t  is know n th a t  w hen a d ila ta tio n s !  wave im p inges on  a b o u n d a ry  of a 
solid m e d iu m , b o th  d ila ta tio n aJ  a n d  d is to rtio n a l w aves m ay  be  reflected  o r re frac ted . 
H ow ever, one can  easily show  [19] th a t  for an  angle of incidence of 90 degrees no 
d ila ta tio n s !  wave iB reflected  , an d  th e  tra n s m itte d  one is ju s t  d ila ta tio n a l. Also for 
th is  case eq u a tio n  2.20 m ay  be sim plified to.
c = \ E / p \ i .  (2.21)
o r
E  =  p c1 (2.22)
w ith  th is  concep t in m in d  th e  following e x p e rim en t w as designed
2 .2  E x p er im en t
F ig u re  2.2 show s th e  w ire fram e  m odel o f th e  m a g n e t a n d  its  su p p o r t  ( th e  
m odel w as developed  w ith  th e  softw are  C A E D S [10]). F ig u re  2.3 show s th e  th re e  
o r th o g ra p h ic  veiws of th e  m ag n e t ( for read ab ility , som e p a r ts  are  n o t show n ). T he
F igu re  2.2. W ire  fram e modeJ o f th e  m agnet
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Figure 2,3: Three orthographic veiwes of the magnet.
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m ag n e t was s tru ck  on th e  rig h t side ( figure  2.2 a n d  figure 2.3) to  induce  an  in p u t 
m o tio n  p e rp e n d icu la r  to  th e  p lan e  p la te s  .
T h e  p ro d u ced  wave w as d e tec te d  a n d  reco rd ed  in th e  v icin ity  of im p a c t, 
an d  a t  a  p o in t aw ay from  th e  in p u t, v ia  acce lerom eters  described  in A ppen d ix  A. 
T h e  in p u t a n d  o u tp u t  signals w ere c a p tu re d  a n d  reco rd ed  via a  d ig ita l oscilloscope, 
d esc rib ed  in A p p en d ix  A. T h is  sam e p ro ced u re  w as em ployed  a t  th e  te n  p o in t p a irs  
given in  T ab le  2.1 .
Special ca re  m u s t be ta k en  to  keep th e  ang le  of incidence a t  90 degrees 
to  th e  p la tes . W h en  th e  d ila ta tio n a l w ave re frac ts  from  th e  first p la te  it im pinges 
th e  second  one w ith  an  angle o f incidence of 90 degree. S ince all of th e  p la te s  are 
m a d e  o f th e  sam e  m a te ria ls  a  si m iliar im p in g em en t p rocess will o ccu r th ro u g h o u t 
th e  m a g n e t. B ecause  th e  c o n tac t be tw een  th e  p la te s  is w eak a n d  th e re  is re la tive  
m o tio n  betw een  th e  p la te s , th e  speed  o f th e  p ro p a g a tio n  of th e  w ave is slower th a n  
if th e  m ed u im  h a d  been  iso trop ic  an d  hom ogenous steel.
In  o rd e r to  use eq u a tio n  2.20 it is necessary  to  d e te rm in e  th e  speed  of 
p ro p a g a tio n  o f th e  w ave in  th e  m a g n e t. H aving o b ta in e d  th is  speed  for a  p a r tic u la r  
p a r t  o f th e  m a g n e t, one can easily  c o m p u te  an  effective m o d u lu s  o f elastic ity . F igu re
2.4 show s th e  ex p e rim en ta l se t u p . F ig u re  2.5 show s th e  raw  d a ta  o b ta in e d  from  
th e  e x p e rim en t a t p o in t p a ir (4 -4 a), T h e  re s t of th e  d a ta  a re  show n in A ppen d ix  C. 
B efore an a ly sin g  th e  d a ta , th e  th eo ry  beh in d  th e  analy sis  will be d iscussed .
Top View of the Majnet 
(straps are not shown)
Accelerometer
Accelerometer tv
T"
Digital Oictlosoope
F ig u re  2.4: E x p e rim en ta l se t up
Figure 2.5: Raw data for pair points 4-4a
2 0
2.3  T h eo ry  for a n a ly sin g  th e  d ata
In this analysis a  Fast Fourier Transformation[20] was pe rformed on the
exper im en ta l  d a ta .  This  wTas done simply to t rans fo rm  from the  t ime dom ain  to tlie
frequency  do m a in  and  vice versa.  T h e  theory  for this is the  following[21).
/ OO
h ( t ) e 2" f idt  (2.23)
OO
MO -  r  (2.24)
J  —  O O
W here  ’t '  is m easured  in seconds,  and  f is cycles per second or  Hertz. To 
de te rm in e  the  t im e  of flight of the  wave in the  m ag n e t ,  a corre la tion be tween the  
input an d  o u t p u t  signal was found. The  corre la tion of the  two functions  , denoted  
c o r r ( g , h ), is defined by
C o r r ( g , h )  ~ f  g { r  + t ) h { r ) d T  (2.2fi)
J  -  OO
T h e  corre la tion is a function of r ,  the  lag. It therefore  lies in the  t ime 
d o m ain ,  and  is one m e m b e r  of the  t ran s fo rm  pair:
c o r r ( g , h ) .--. (2.20)
Here G ( / ) ,  and  H ’ { f )  are  the  discrete  fourier t rans fo rm s  of ’g 1 and  ' h \  
and  the asterisk denotes  complex conjuRation.  To de te rm ine  the correla tion of two 
functions the  following p rocedure  was adop ted .  Fast Fourier Transform at ion  the 
two d a t a  sets, mult ip ly  one result ing t rans fo rm  by the complex con juga te  of the  
o the r ,  and  inverse t ran s fo rm  the p roduct .  T h e  real com ponen t  of the  result is the  
corre la tion for different lag.
21
T h e  to ta l pow er in a  signal is th e  sam e w h e th er we c o m p u te  it in th e  tim e  
d o m a in  o r in  th e  frequency  d o m ain . T h is  re su lt is know n as P a rse v a l’s T h eo rem :
Total p o w e r | f c ( < ) l ’<“  =  / - «  W / ) l ’<tf
F req u en tly  one w an ts  to  know  "how  m uch  p ow er” is co n ta in ed  in th e  fre­
quency  in te rv a l be tw een  f  an d  f+ d f . In  such c ircu m stan ces  one does n o t usually  
d is tin g u ish  betw een  positive  an d  negative  f b u t ra th e r  reg a rd s  f as  vary ing  from  0  
("ze ro  freq u en cy ") to  + 0 0 . In  such cases , one defines th e  one-sided  pow er sp ec tra l 
d en sity  (P S D ) of th e  fu n c tio n  h  as
A ( / )  =  |V ( / ) I ’ +  (2 .27)
W here
0 <  /  <  0 0 .
In  th is  investig a tio n  o n e s id e d  pow er spectral den sity  is used .
2.3.1 D a ta  A nalysis
W h en  th e  w aves are  d e tec ted , o th e r fac to rs  such as noise, ring ing  of th e  
wave in  th e  acce le ro m eter, e tc  , m u st also be co nsidered , because  th ese  m ay d is to r t 
th e  o rig inal signal. C onsequen tly , th e  resu lts  shou ld  be m odified  for en h an cem en t 
of th e ir  accu racy  T h is  is done by filtering  th e  signal a t u n w an ted  frequencies. T h e  
d e ta ils  o f th is  p rocess a red escrib ed  in A P P E N D IX  A. T h e  very  first pu lse of the  
in p u t a n d  th e  o u tp u t  waves (F ig u re  2 .6 J1 w ere selected for analysis.
T h e  acce lerom eters  used here  c a p tu re  th e  m a g n e t 's  in duced  m o tio n , re l­
a tive  to  th e  m o tio n  of th e  acce le ro m ete r’s m ass. A ccordingly  th e  re su lts  should
1 Figure (2.6-2.9} th o w i the results for the  esse where the  m agnet was struck  a t  po in t pair 4
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F ig u re  2.6: I h e  c a p tu re d  signals a )In p u t b )O u tp u t
be  co rre c ted  using  th e  o rd in a ry  d ifferen tia l eq u a tio n  of the  acce lerom eters . T h e  
te ch n iq u e  used for th is  co rrec tion  is d esc rib ed  in de ta il in A P P E N D IX  B. U sing the  
te ch n iq u e  d esc rib ed  in A P P E N D IX  B, th e  acceleration  curves (or in p u t an d  o u tp u t 
signals w ere d e te rm in ed . T h e  acce lera tio n  curves are dep icted  in F ig u re  2.7.
T h e  co rre la tio n  betw een th e  tw o acceleration  curves was d e te rm in e d  (F ig ­
u re  2 .8) using  th e  m e th o d  suggested  in reference [22]. Having o b ta in e d  th e  tim e  
lag  betw een  th e  tw o (F ig u re  2 .8 ) , one can esaily de term ine  th e  speed  of wave 
p ro p a g a tio n  th ro u g h  th e  co rre sp o n d in g  p a r t of th e  m agnet.
I t sh o u ld  be  po in ted  o u t th a t  th e  density  of the  m agnet m ay  be  different 
from  stee l even th o u g h  th e  p la te s  used  for th e  co n stru c tio n  of th e  m ag n e t are  m ade  
from  th e  steel. T h is is due to  th e  pack ing  of th e  p la tes. Using eq u a tio n  2.20 an d  
co n sid erin g  p =  p tut\ . tb e  equ ivalen t m o d u lu s  of e lastic ity  for th a t  p a r tic u la r  p a r t 
of th e  m a g n e t can be d e te rm in ed .
b)
F ig u re  2.7: T h e  acceleration  curves a ) In p u t b )O u tp u t
£  '
Figure 2.8: Correlation between the input and output curves
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F ig u re  2.9: P S D  af th e  acce leration  curves a) In p u t b )O u tp u t
F ig u re  2.9 gives th e  P S D  of b o th  waves. As F ig u re  2.9 ind ica tes  a good 
ag reem en t be tw een  th e  tw o ex ists. T h e  re su lts  for th e  res t of th e  po in t pa irs  in d i­
ca ted  in ta b le  2 . 1  a re  show n in A P P E N D IX  C.
F ig u re  2.10 show s th e  v a ria tio n  o f effective m o d u lu s  of th e  e lastic ity  in the  
m a g n e t an d  in d ic a te s  th e  m o d u lu s  of e las tic ity  is low er th ro u g h  region closer to  the  
concave side o f th e  m a g n e t.
T h is  m ay  be exp lained  as follows. F ig u re  2.11 show s th e  position  of th e  
p la te s  w hen th e  c lam p ed  p ressu re  is app lied  to  th e  p la te s . As it m igh t be expec ted , 
a  re lease  o f c lam p in g  p ressu re  yields a g re a te r  sp rin g  back in a rea  1  th a n  in area  
2, w hich re su lts  in p o o re r  pack ing  of th e  p la te s  in a re a  1. A com parison  of the  
co o rd in a te s  o f th e  s tru c k  p o in ts  ( ta b le  2 . 1  an d  figure 2 .2 ) d e m o n s tra te s  an increase 
in th e  m o d u lu s  of e las tic ity  as one m oves aw ay from  a re a  1  (see figure 2 .2 , figure 
2 .9 , a n d  figu re  2 .11 ), p a rtic u la rly  in th e  v icin ity  o f th e  m a g n e t 's  cen te r, w here
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a
F ig u re  2.10: V a ria tio n  o f th e  m o d u lu s  o f e l a t i d t j  in th e  m a g n e t
outside
Figure 2.11: Position of the plates when the clam ped pressure is applied
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b e tte r  pack ing  of th e  p la te s  ex ists. T h is  a re a  ( th e  m a g n e t’s c en te r)  m o re  closely 
ap p ro x im a te s  th e  p ro p e rtie s  o f steel du e  to  th e  ex istence  of s tro n g e r c o n tac t betw een 
th e  p la te s . I t  shou ld  be p o in ted  o u t th a t  figure 2.10 p lo ts  th e  first ten  p o in ts  given 
in  ta b le  2.1. By ex am in in g  p o in t pa irs  eleven th ro u g h  fo u rteen , it m ay  be observed  
th a t  th e  co m p u ted  m o d u lu s  o f e las tic ity  d rops as one m oves aw ay from  th e  cen te r 
o f th e  m a g n e t.
T h e  a re a  s tu d ied  here  w as as far rem oved  as possible from  th e  s tra p s . T h e  
o u tp u t  w aves in th e  v ic in ity  of th e  s tra p s  d id  n o t yield reliab le resu lts  d u e  to  the  
in te ra c tio n  o f th e  solid s tra p s  an d  th e  m a g n e t’s s tru c tu re  in th ose  a reas . I t shou ld  
be p o in ted  o u t th a t  d a ta  was also  tak en  a t  th o se  a reas . T h e  b eh av io r of th e  m ag n e t
a p p ro a ch e d  th e  b eh av io r of solid steel.
P a ir In p u t  
C oord  (in)
O u tp u t
co o rd (in )
E (p si) E (M p a)
P o in ts X Y Z X Y Z X 10*
1 -di 2 16.5 0 . 0 2 . 0 16.5 4.0 0.39 56.521
2 -a j 3 16.5 0 . 0 3.0 16.5 8 . 0 0.99 143.47
3 -a j 4 16.5 0 . 0 4.0 16.5 1 2 . 0 1.4 202.9
4-a* 4.5 16.5 0 . 0 4.5 16.5 16.0 2.65 384.6
5 a s 5.5 16.5 0 . 0 5.5 16.5 2 0 . 0 2 . 8 405.8
6 -ae 7 16.5 0 . 0 7.0 16.5 24.0 3.1 449.2
7 -aT 7.5 16.5 0 . 0 7.5 16.5 28.0 3.0 434.78
8 -a . 8 16.5 0 . 0 8 . 0 16.5 32.0 3.9 565.21
9-a* 9 16.5 0 . 0 9.0 16.5 44.5 4.5 652.17
1 0 -ajo 16 27.0 0 . 0 16.0 27.0 89 4.7 681.16
1 1 - a n 15 27.0 0 . 0 15.0 27.0 89 4.6 6 6 6 . 6 6
1 2 - a u 13 27.0 0 . 0 13.0 27.0 89 4.1 594.20
1 3 -a u 10.5 16.5 0 . 0 10.5 16.5 89 3.1 449.27
14-a14 9.0 16.5 0 . 0 9.0 16.5 89 3.2 463.76
1 5 -a it 9.0 23.5 0 . 0 9.0 23.5 89 3.9 1565.2
T ab le  2.1: W ave tra n sm is io n  p a th s  and  th e  average  m o d u lu s  o f e lastic ity
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2 .4  V aria tion  o f  th e  P r o p e r tie s
T able  2,1 show s th e  m o d u lu s  o f th e  e las tic ity  o b ta in e d  ex p erim en ta lly  in 
d ifferen t a reas  o f th e  m a g n e t. I t was im possib le  to  d e te rm in e  th e  value of the  
m o d u lu s  o f e las tic ity  in o th e r  a reas  due  to  th e  p a r tic u la r  g eom etry  o f th e  m ag n e t 
in  q u estio n . As m en tio n ed  earlie r, a fte r th e  s tra p s  a re  w elded to  th e  o u ts id e  of 
th e  m a g n e ts , th e  c lam p ing  p ressu res  a re  rem oved . T h is  re su lts  in s tre tch in g  of the  
s tra p s  a n d  re d u c tio n  of th e  p re ssu re  betw een  th e  p la tes . C onsequen tly , th e  n u m b er 
o f c o n tac t p o in ts  be tw een  th e  p la te s  decreases. T h e  effective m o d u lu s  o f th e  m ag n e t 
is governed  by  th e  n u m b e r of co n tac t a reas  be tw een  th e  p la te s (th is  fac t will be 
ju s tified  a t  th e  en d  o f th is  c h ap te r) . Since th e  in n e r p ressu re  betw een  th e  p la tes  
a t  d ifferen t reg ions varies , th e  effective m o d u lu s  of th e  m ag n e t m ay  be different 
in d ifferen t a reas  also. T h u s , one  m ay  a rgue  th a t  th is  in n e r p ressu re  o r residual 
s tre ss  be tw een  th e  lam in a tio n s  is re la ted  to  th e  effective m o d u lu s  of th e  m ag n et in 
q u estio n . H aving  th is  in  m ind  a  fin ite  e lem en t m odeling  {figure 2.12) w as used  for 
d e te rm in in g  th e  res id u a l s tresses  in  th e  m a g n e t . T h e  d e ta il o f th is  m odeling  will be 
d iscussed  in c h ap te r  3. T h e  residual s tress  d is tr ib u tio n  th ro u g h o u t th e  m ag n e t was 
e s tim a te d  by using  a  su p erp o sitio n  of load  schem e. For th is  analysis  th e  m ag n e t 
w as a ssu m ed  to  be solid a n d  hom ogeneous b u t an iso tro p ic . In itia lly  tensile  loads 
w ere ap p lied  to  th e  en d s of th e  m ag n e t m odel w ith o u t s tra p s  {figure 2 .13). T h is 
load  was equ ivalen t to  th e  negative  of th e  p re lo ad  w hich was used  w hen bu ild ing  
th e  m a g n e t ( 350psi)
FigU" 2 l 2  : F i a U r E I
' m n '  M o * ) o f 0 , .  m
hS o c t a n d  tfje *^raps
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Figure 2.13: Tensile loads are applied on the m agnet
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T h e  sam e load ing  was app lied  to  a  m odel w ith  s tra p s  w elded to  th e  m ag n e t. 
T h e  s tre ss  d is tr ib u tio n  for th e  first case w as s u b tra c te d  from  th e  second . T h is  gave 
s tress-free  co n d itio n s  on th e  en d s of m a g n e t. T h e  re su lts  a re  d ep ic ted  in figure 
(2 .14). For th is  c u e ,  th e  tr ia l m o d u lu s  o f e las tic ity  o f th e  m ag n e t in th e  x d irec tio n  
w as a ssu m ed  to  be 30 x 104 psi. T h e  deflection o f th e  m a g n e t is d ep ic ted  in figure 
2.15.
T h e  sam e analysis  w as re p e a te d  assum ing  E m =  30 x 10*psi. T h e  re su lts  
a re  d ep ic ted  in figure (2 .16) a n d  (2 .17). T h e  analysis was re p e a te d  for (7M < <  
an d  th e  re su lts  a re  show n in figure (2 .18). C o m p arin g  th e  re su lts  in d ica tes  th e  sh ear 
stresses  have triv ia l effects on th e  analysis. C hang ing  th e  bu lk  p ro p e rtie s  d id  n o t 
significantly  change  th e  s tre ss  d is tr ib u tio n  o r th e  d isp acem en ts  of th e  m ag n e t.
A carefu l ex am in a tio n  of figure 2.14 a n d  2.16 in d ica tes  th a t ,  a t som e areas 
close to  th e  m id  concave p a r t  o f th e  m a g n e t, som e tensile  s tresses  a re  observed . 
T h is  m ay  be exp la ined  as follows. W h en  bu ild ing  th e  m a g n e t, a com pressive load  is 
app lied  to  th e  la m in a tio n  stack . T h is  re su lts  in com pressive s tresses  in th e  concave 
side. In th e  m id  convex side, because  of th e  p a r tic u la r  geo m etry  of th e  m a g n e t, a  
sm all a re a  o f tensile  stresses is p ro d u ced . T h is  can  be verified by a  s im ple  b eam  
co lu m n  ca lcu la tio n . O bviously  th e  m a g n itu d e  of th e se  tensile  stresses  an d  th e  sice 
o f th e ir  reg ion  d ep en d  on  th e  rad u is  of c u rv a tu re  of th e  m a g n e t in . For ex am ple  
no  tensile  s tresses  a re  p ro d u ced  in a s tra ig h t m a g n e t. W h en  th e  s tra p s  a re  w elded 
o u ts id e  th e  m a g n e t an d  th e  c lam p ing  p ressu res  a re  re leased , a  d ifferen t s tre ss  d is tr i­
b u tio n  is c rea ted . T h e  m a g n e t begins to  ex p an d  an d  th e  com pression  s tresses  in th e  
m a g n e t te n d  to  reduce . H ow ever, th e  s tra p s , since th e ir  a re a  is sm aller an d  th e ir
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m oduluB of e las tic ity  is m uch  g re a te r  th a n  th e  m a g n e t, tak es  on tensile  s tresses. 
T h is  re su lts  in som e com pressive stresses in th e  concave side. In  th e  convex side a  
sim ilia r p rocess tak es  place. H ow ever th e  m id  convex side, w here  o rig inally  tensile  
stresses  ex is ted , is left w ith  som e tensile  res id u a l s tresses. In  th ese  a reas  w ith  tensile  
s tre sses  th e re  will be  n o  c o n tac t betw een th e  p la te s . A ccordingly , th e  effective m o d ­
u lu s  o f e las tic ity  in  th e se  a reas  w ould  be  null. T h e  res id u a l s tre ss  d is tr ib u tio n  can 
now be re la ted  to  th e  effective m o d u lu s  of e las tic ity  of th e  m a g n e t. H ow ever, before 
do ing  th a t  one sh o u ld  m odify  th e  re su lts  lis ted  in ta b le  2 . 1  for d a m p in g  effects.
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2.5  E ffect o f  D a m p in g
T h e  average  a p p a re n t m o d u lu s  o f  e las tic ity  o b ta in e d  using  th e  m e th o d  
d esc rib ed  earlie r ( from  w ave m o tio n  th ro u g h  th e  m a g n e t)  is 3.5 x 10® psi. T he  
m o d u lu s  o f th e  e las tic ity  o b ta in e d  by T a n a b ee  et a l [ l l ]  w as 1.65 x 10* psi . O ne 
reaso n  for th is  d isc rep en cy  is believed to  be  d am p in g  in  th e  m a g n e t. T h e  following 
re la tio n  is derived  to  acco u n t for th e  effect o f d am p in g . T h e  m a g n e t is a ssu m ed  to  
ac t as Voigt solid (figu re  2.19).
t
F ig u re  2.19: V oigt Solid
A ssum ing  th e  w ave m oves ju s t  in th e  x  d irec tio n , th e  follow ing ho lds tru e .
(2 .28)
8Ju d*u
0 -----  — E ------ +  k ---------
p e o  &z*
A ssum e th e  incom ing  w aves a re  defined  by th e  following re la tio n .
(2 .29)
In tro d u c in g  e q u a tio n  2.29 to  2.28 re su lts  in;
■pu/ u =  E ( a  +  — ) u  -  -ya>t(a -f — ) u  
c c
tUJ
(2.30)
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E q u a tio n  2.30 m ay  be  show n as
,  ,  u>a 2 i o u j  E  +  -futi
-pu>3 = ( a 2 ----   + ---------) ( £  -  7 0 *1 ) x — ----------:
^  1 c1 c n  '  '  E  +  7 u>i
U pon  sim plification
- p v ' E  -  p v ' y v i  =  (a 1 -  ^ ) ( E ’ +  7 V )  +  — (E 1 +  y ’u,1)
c* c
C onsequen tly ;
pu,3E  = ( a 2 -  ~  ) ( E j +  7 1 w 2)
3  2 tau; 3  3  3 .
7 1 * 1 1  =  H--------- ( £  +  7  w )
c
U pon sim plification
W1 , pU>2 E
c1 ' (£ *  +  7 *w>)
and
2 a  /w 1^
T  =  ( F T y ^ )
U pon  fu r th e r  sim plifica tion
7  2 a c
E  w1 — a*c*
w here  J  h as  u n it  o f tim e . S u b s titu tin g
7T  =  —
E
or
2 a c
T  —
u; 1  — a sc*
(2.31)
(2 .32)
(2.33)
(2 .34)
(2 .35)
(2 .36)
(2 .37)
(2.38)
(2.39)
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In tro d u c in g  eq u a tio n  2.38 to  2.36 an d  u p o n  som e sim plification;
E  =  ------------- - ------------------ (2 .40)
(1+ r 3w>)(w3 - q jc3) V }
In tro d u c in g  eq u a tio n  2.86 to  2.57 an d  u p o n  sim plification
P («> +  o»c>)> ' '
o r
E  -  pc*0  (2 .42)
w here
(3 =  ^  (2 .43)
T h e  above eq u a tio n  m ay  be used to  d e te rm in e  th e  d y n am ic  effective p ro p ­
erties  o f th e  m a g n e t in question . I t shou ld  be p o in ted  o u t th a t  th e  ex p ec ted  d is­
p lacem en ts  a n d  velocities o f th e  m a g n e t are  very sm all. T h e  frequency  of in te rs t 
in th is  research  effort is low (th e  cu t off frequency  is 60 H z). A ccordingly , th e  
s ta tic  a n d  d y n am ic  effective p ro p e rtie s  of th e  m ag n e t a re  very close. T h u s  one can 
safely use  th e  re su lts  o f T an ab ee  e t a l j l l ]  to  in d ica te  th e  d a m p in g  in th e  m ag n e t in 
question . F ig u re  2.19 shows th e  re su lts  o f T an ab ee  e t a l [ l l ] .  T hey  used  a  s tra ig h t 
m a g n e t. T h e  c lam ping  p ressu re  was changed  an d  th e  deflection  of th e  m a g n e t a t 
fou r d ifferen t p o in ts  (figure  2.12) was m easu red . T h e  deflection  was p lo ted  ag a in s t 
th e  c lam p in g  p ressu re . W h en  th e  p re ssu re  was betw een  30 to  82psi th e  curves be­
cam e u n ifo rm . U sing  an  average  p ressu re  o f 55.5psi they  e s tim a te d  th e  effective
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Figure 2.20: Results of Tanabee, et a] Experim ents
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F ig u re  2.21: C -S h a p e d  p la te  a n d  p o in ts  u sed  in  T a n a b e e  E x p e r im e n t
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m o d u lu s  of e las tic ity  a t  fou r d ifferent po in ts . T h e  average of these  four m odulii of 
e las tic ity  w as E m =  1.57 x 10* psi.
In  o u r e x p e rim en t th e  in n e r p re ssu re  betw een  th e  p la te s  varies from  70 
psi(ten sile ) to  -500 psi(com pressive). H ow ever, a  carefu l e x am in a tio n  o f figures 2.14 
a n d  2.4 in d ica tes  th a t  a ro u n d  p a ir p o in t 10 — aio, th e  in n e r p ressu re  is less th a n  
85psi a n d  th e  w ave h a d  trav e led  in a  s tra ig h t line. T h e  in p u t a n d  o u tp u t  signals 
for p o in t p a ir  1 0  — a 1 0  is given in figure C-20.
In  th e  eq u a tio n  2.41 ’a ’ is th e  d am p in g  coefficient. A ssum ing  E  — 1.57 x 
1 0 B a n d  to  be  th e  frequency  of th e  wave tra n s m itte d  th ro u g h  th e  m ag en t ( figure 
C .20 ) one can sim ply  solve for a .  For th is  investiga tion
a  =  0.0097 (2 .44)
w =  1.17 x 10#/T r (2.45)
U sing eq u a tio n  2.41 a n d  th e  co rre sp o n d in g  u?, T ab le  2.1 is m odified  as 
show n in T ab le  2.2.
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T ab le  2.2: W ave T ran sm is io n  p a th s  a n d  av erage  m odified  an d  o rig inal m o d u lu s  of 
e la s tic ity
P a ir In p u t
C o o rd  (in )
O u tp u t
co o rd (in )
E (p si)
M odified
E(p«i)
O rig inal
P o in ts X Y Z X Y Z x 1 0 * x 1 0 ®
1 -Qj 2 16.5 0 . 0 2 . 0 16.5 4.0 0.18 .39
2 - 0 2 3 16.5 0 . 0 3.0 16.5 8 . 0 0.47 .99
3-fls 4 16.5 0 . 0 4.0 16.5 1 2 . 0 0.67 1.4
4 -a 4 4.5 16.5 0 . 0 4.5 16.5 16.0 0.91 2.65
5 -a B 5.5 16.5 0 . 0 5.5 16.5 2 0 . 0 1.19 2 . 8
6 -o« 7 16.5 0 . 0 7.0 16.5 24.0 1.48 3.1
1 0 -4 7 .5 16.5 0 . 0 7.5 16.5 28.0 1.43 3.0
8 - 8 16.5 0 . 0 8 . 0 16.5 32.0 1 . 8 6 3.9
9-Ob 9 16.5 0 . 0 9.0 16.5 44.5 2.15 4.5
1 0 -aio 16 27.0 0 . 0 16.0 27.0 89 2.24 4.7
l l - a „ 15 27.0 0 . 0 15.0 27.0 89 2.19 4.6
1 2 *a1 2 13 27.0 0 . 0 13.0 27.0 89 1.95 4.1
1 3 -a13 10.5 16.5 0 . 0 10.5 16.5 89 1.47 3.1
1 4 -au 9.0 16.5 0 0 9.0 16.5 89 1.52 3.2
1 5 -a1# 9.0 23.5 0 0 9.0 23.5 89 1.82 3.9
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2 .6  R e la tio n  B e tw e e n  M o d u lu s o f  E la s tic ity  and  
R esid u a l S tre sse s  th e  M a g n et
As w as p o in ted  o u t earlie r, th e  d ipole m a g n e t was b u ilt by com pressing  
th e  s tack  o f C -sh ap ed  p la te s  an d  w elding th e  s tra p s  to  th e  o u ts id e  o f th e  m ag n et. 
L a te r  p re lo ad  p ressu re  is rem oved . As a  re su lt o f th e  tension  in th e  s tra p s , residual 
stresses  a re  left in  th e  m a g n e t a n d  betw een  th e  p la tes . As it w as m en tio n ed  earlier 
th e  level o f th ese  stresses  d e te rm in e  th e  c o n tac t a re a  betw een  th e  p la tes . O bviously 
in th e  a re a  o f tensile  stresses , th e re  will be  no c o n tac t be tw een  th e  p la te s  a n d  the  
effective m o d u lu s  w ould be null. To avoid num erica l difficulty in th e  tensile  region, 
it w as a ssu m ed  th a t  E r - lO pst. For th e  p a r ts  were com pressive s tresses  ex ists  the  
following p ro c e d u re  was a d o p ted . F igu re  2.22 show s th e  to p  view  of th e  m a g n e t, 
an d  som e o f th e  po in t p a irs . B y careful ex am in a tio n  o f figure 2.22, tab le  2.2 and  
th e  re su lts  of th e  s tress  analysis , one can see th a t  in som e zones, such  as p o in t pair 
1  — a j ,  ju s t  one level of s tre ss  an d  one e lem en t ex ists , w hile in o th e r  reg ions, two 
o r  th re e  levels of s tre ss  m ay  exist. W ith  th is  in m in d , th e  follow ing was derived . 
T h e  basic eq u a tio n  re la tin g  th e  d a m p ed  wave speed  auid m o d u lu s  of e las tic ity  is 
(eq u a tio n  2.42).
(2.46)
A ssum e
(2.47)
giving
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c = \ —  (2-48)
or;
A t =  l y f t n  (2 .49)
C o n sid er p o in t p a ir 13 — a j S. T h a t  region has th re e  levels o f s tress , w ith  
tw o o f th e m  equal. T h e  to ta l  tim e  th e  wave tak es  to  trav e l th ro u g h  th a t  region is;
A  t = —  + —  (2 .50)
Ci Cj
O ne ra n  easily  show
fis7au013 =  2/]3i7isi +  (2.51)
Sim iliar eq u a tio n s  can  be derived  for o th e r  p o in t pa irs .
t =  1,15 (2.52)
O bviously  a t  a reas  w ith  th e  sam e stress  level, ’7 ’ was a ssu m ed  to  be th e  
sam e. In  th e  above eq u a tio n s , th e  left side can  be found  u sing  eq u a tio n  2.42, ta b le  
2.2 a n d  th e  g ra p h s  given in A P P E N D IX  C . To solve for th e  unkow ns w hich a p p e a r  
in  th e  rig h t side, it w as assu m ed  th a t  in a reas  h av in g  th e  sam e s tre ss  ’7 ’ w ould be 
th e  sam e . H aving  th e  value o f ’7 ' a t po in t p a ir  1  in co n ju n c tio n  w ith  th e  above
a ssu m p tio n , one  can  easily  solve th e  above eq u a tio n s  for th e  unk n o w n s. A fter 7  was
e v a lu a te d , one can  easily  solve for 0  using  eq u a tio n  2.42. H aving  0 ,  th e  m o d u lu s  of
e la s tic ity  of each e lem en t m ay be  ev a lu a ted  using  eq u a tio n  2.43. F ig u re  2-22 show s
the variation of stress versus the m odulus of the elasticity in the magnet.
ro 
w
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F ig u re  2.22: T op  view o f th e  m a g n e t
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Figure 2.23: Stress versus m odulus of elasticity
2 .7  T h eo re tica l A n a ly sis
T h e  m a in  p u rp o se  o f th eo re tic a l analy sis  is to  develop som e eq u atio n s  
w hich cou ld  in tro d u c e  th e  fac to rs  w hich p lay  an  im p o r ta n t  role in d e te rm in in g  
equ ivalen t m o d u lu s  of elastic ity . I t is n o t in ten d ed  give th eo re tic a l re su lts  which 
a re  co m p arab le  to  th e  e x p e rim en ta l. C onsider a sm all reg ion  o f m ag n e t (for exam ple  
one  sq u are  inch ) w here  w aves a re  tra m s m itte d  th ro u g h  th a t  reg ion . T h is  Tegion is 
m o deled  as series o f co n ce n tra te d  m asses w hich a re  se p a ra te d  by a d i s ta n c e ’d ’ along 
th e  x ax is (fig 2.24).
n*p
F ig u re  2.24: M a th e m a tic a l M odel o f th e  M ag m et
For th is  m odel, th e  m o tio n  o f th e  m ass  is assu m ed  to  be n o rm a l to  the  
p la tes . O ne can  show  th a t  th e  speed  of p ro p a g a tio n  o f w aves follows th e  following 
re la tio n  [23].
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A p p en d ix  D contain*  a  de ta iled  d evelopm en t o f th is  re la tio n . T h is  re la tio n  
is specially  tru e  w hen i « i .  W h e r e ’d ' is th e  th e  la ttic e  spac ing  a n d  A is th e  wave 
len g th  o f th e  m o tio n . For th e  case in v estig a ted  h ere , d  =  an d  10” <  A <  1 0 0 ” . 
T h u » tJb <  i  <  i fe *  For th e  case o f th is  in v estig a tio n , th e  s tra in  energy  is given
by.
V  =  - K x *  (2 .53)
2
so
v .  =  d j %  (2 .54)
I t is know n th a t  th ese  p la te s  a re  n o t perfectly  flat an d  will have d ifferent
degrees o f w aviness. If we a ssu m e th e  c lam ping  p re ssu re , app lied  to  ju s t  one p la te , 
to  be  p , th e n
F  — p  * W p * r  (2 .55)
w here  r  is th e  period  of th e  w aviness of th e  p la te s  a n d  W p is th e  w id th  of
th e  p la te .
O n e  can  show  th a t
* l - K . ! L  ,2 .5 6 )
d z 1 E l  2 E l  ' ’
U sing th e  a p p ro p ria te  b o u n d a ry  co n d itio n s  a n d  u p o n  sim p lifica tion , th e
m a x im u m  deflection  o f one p la te  is (figure 2.25).
6m"  =  6£^/f* (2 ‘5?)
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an d
F  — pA (2 .58)
so
K  =
32 E A F
Vx  =  ds
I32E<P
pr*
(2 .59)
(2 .60)
I t shou ld  be  p o in ted  o u t th a t  th is  e q u a tio n  is valid ju s t  for p a r t  o f one  p la te  
(f ig u re  2 .25). O bv iously  w hen  1424 p la te s  are  com p ressed , th e  e q u a tio n  w ould be 
d iffe ren t. H ow ever, th e  follow ing re la tio n  sho u ld  holds tru e .
V' -  k
W h ere  k is som e co rrec tio n  c o n s ta n t.
F/Z
Figure 2.25: Simplified model of plate
F/z
(2 .61)
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As one can see , as r  decreases th e  speed  of p ro p a g a tio n  of th e  wave 
ap p ro ach es  th a t  o f stee l . C onsequen tly , w hen th e  a re a  of c o n tac t betw een the  
p la te s  increases, th e  p ro p e rtie s  of th e  m ag n e t w ould be  closer to  th o se  of steel.
Chapter 3 
Seismic Response
F in ite  E lem en t m e th o d s  were used to  analy se  th e  d y n am ic  re sp o n se  o f th e  
m a g n e t to  seism ic in p u t , T h e  general p u rp o se  fin ite  e lem en t code N A ST R A N [25- 
28] w as used  for th is  p u rp o se . F igu re  3,1 show s th e  w ire fram e  m odel o f th e  m ag n e t 
a n d  s u p p o r t ,  developed  using  th e  so ftw are  C A ED S(29], T h e  elastic  p ro p e rtie s  o f th e  
m a g n e t in each  e lem en t was d e te rm in ed  using  th e  re su lts  of th e  tech n iq u e  described  
in c h a p te r  2. T h e  m ag n e t w as m odeled  using  an iso tro p ic , so lid , brick  e lem en ts . 
T h e  s tra p s  w ere m odeled  using  p la te  e lem en ts , a n d  th e  core a n d  o th e r  p a r ts  w ere 
m odeled  u sing  c o n ce n tra te d  masB e lem en ts . At th e  p o in ts  th e  s tra p s  a n d  th e  solid 
e lem en ts  w ere co n n ec ted , rig id  e lem en ts  w ere u sed . In  th is  analysis  844 solid ele­
m e n ts , 970 p la te  e lem en ts , 10 lu m p e d  m ass  e lem en ts  a n d  423 rig id  e lem en ts  were 
used . T h e  n a tu ra l  frequencies an d  th e  n o rm a l m odes of th e  sy stem  w ere d e te r ­
m ined . T h e  fin ite  e lem en t m odel w as reduced  a t  12 p o in ts  using  G u y an  red u c tio n  
(A P P E N D IX  E ). F or th e  ex tra c tio n  of eigenvalues, th e  M odified G iv en ’s m e th o d  
w as a d o p te d  (A P P E N D IX  F ).
Figure 3.2 through 3.19 picture different views of the first six m odes of the
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v ib ra tio n  o f th e  s tru c tu re  in qu estio n . T h e  solid lines show th e  d e fo rm ed  sh ap e  of 
th e  m a g n e t, a n d  th e  d a sh ed  lines a re  th e  u n d efo rm ed  sh ap e .
M ode I
F ig u re  3.2 an d  3.3 show  th e  defo rm ed  a n d  u n d efo rm ed  s tru c tu re . F igu re  
3.4 p ic tu re s  th e  d efo rm ed  s tru c tu re  only. T h e  n a tu ra l  frequency  of th e  s tru c tu re  
for th is  m o d e  o f v ib ra tio n  is 8.81 Hz. T h e  firs t m ode  o f v ib ra tio n  is m ain ly  rigid 
m o tio n . As one  can  see th e  m ag n e t a n d  su p p o r t have m oved  in th e  Z d irec tion . 
H ow ever, th e  m id  su p p o r t  is sligh tly  b en t a b o u t X axis.
M ode S
F ig u re  3.5 an d  3.6 show  th e  defo rm ed  a n d  u n d efo rm ed  s tru c tu re . F igure  
3.7 p ic tu re s  th e  d efo rm ed  s tru c tu re  only. T h e  n a tu ra l  frequency  of th e  s tru c tu re  
for th is  m ode  of v ib ra tio n  is 13.90H z. A careful s tu d y  o f figu re  3.5 th ro u g h  3.7 
in d ica tes  th a t  th e  m ag n e t ro ta te s  a b o u t th e  m id  su p p o rt (Y  ax is) as well as th e  Z 
axis( th e  co o rd in a te  axes are  show n in th e  figu re). Specifically th e  d e fo rm a tio n  of 
th e  first an d  th ird  su p p o rt verify th is .
Mode S
F ig u re  3.8 an d  3.9 show  th e  d efo rm ed  a n d  u n d efo rm ed  s tru c tu re . F igu re  
3.10 p ic tu re s  th e  d e fo rm ed  s tru c tu re  only. T h e  n a tu ra l  frequency  o f th e  s tru c tu re  
for th is  m o d e  o f v ib ra tio n  is 19.47Hz. In  th is  m ode  th e  s tru c tu re  m oves in th e  
neg a tiv e  X d irec tio n , as well as ro ta tin g  a b o u t th e  m id  su p p o rt^  Y ax is). A careful 
s tu d y  o f th e  s tru c tu re  in d ica tes  th a t  th e re  ex ists  a slight ro ta tio n  ab o u t th e  Z axis.
M ode 4
Figure 3.11 and 3.12 show the deformed and undeformed structure. Figure
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3.13 p ic tu re s  th e  defo rm ed  s tru c tu re  only. T h e  n a tu ra l frequency  o f th e  s tru c tu re  
for th is  m ode  o f v ib ra tio n  is 37.74H z. As it is d ep ic ted  in  figure  3.13, in th is  m ode 
th e  m a g n e t ro ta te s  a b o u t th e  X axis, while th e  w hole s tru c tu re  m oves in th e  Y 
d irec tio n .
Mode 5
F ig u re  3.14 a n d  3.15 show  th e  d e fo rm ed  a n d  u n d efo rm ed  s tru c tu re . F igure  
3.16 p ic tu re s  th e  d efo rm ed  s tru c tu re  only. T h e  n a tu ra l  frequency  o f th e  s tru c tu re  
for th is  m o d e  o f v ib ra tio n  is 42.90H z. In  th is  m o d e , w hile th e  m a g n itu d e  o f th e  
ro ta tio n  of th e  m a g n e t a b o u t th e  X axis is decreased  as co m p ared  to  th e  p rev ious 
m o d e , m a g n itu d e  of its m o tio n  in  th e  Y d irec tio n  is increases. T h e  m ag n e t slightly 
ro ta te s  a b o u t th e  Z axis .
Mode 6
F ig u re  3.17 an d  3.18 show  th e  defo rm ed  a n d  u n d efo rm ed  s tru c tu re . F igu re  
3.19 p ic tu re s  th e  d efo rm ed  s tru c tu re  only. T h e  n a tu ra l  frequency  of th e  s tru c tu re  
for th is  m o d e  of v ib ra tio n  is 53.34H z. In  th is  m o d e  th e  p rim a ry  m o tion  of the  
m a g n e t is ro ta tio n  a b o u t th e  Z axis.
Figure 31: Wire frame mode) of the magnet
54
LOADCASE 1 MODE: 1 
DISPLACEMENT
FREft 8 .B 1 8 3 5  
MAC K l«  O.OGE+QO MAX l.OBE+CO
Figure 3.2: The deformed and undeformed shape of the structure(front) M ode 1
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Figure 3.3: The deformed and undeformed *hape of the Btructure(rear) Mode 1
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Figure 3.4= T he deformed A W
of the .tru clu re, M ode 1.
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MODE: 2 FREB: 1 3 .8 9 4 7
d is p l a c e m e n t  -  mas m i h  o . o o e+o o  m ax  i . s t e +o o
Figure 3.5: The deformed and undeformed shape of the structure(front) M ode 2.
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Figure 3.7: The deformed shape of the structure, Mode 2.
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Figure 3.8: The deformed and undeformed shape of the structure(front) Mode 3.
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u re  3.9: T h e  defo rm ed  an d  und efo rm ed  sh ap e  of th e  s tru c tu re ( re a r )  M ode
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LOADCASE. 1 MOOt 4 FHEfc 3 7 .7 4 1 4
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Figure 3-11: T he deformed and undeformed *bape of the structure(front) M ode 4.
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Figure 3.14: The deformed and undeformed shape of the structure(front) Mode 5.
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F jg u r r  3.16: T h e  defo rm ed  *hape of th e  B truc tu re , M ode 5 ,
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Figure 3.17: The deformed and undeformed shape of the structure(front) Mode 6.
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G enera lly  speak ing , seism ic in p u t from  g ro u n d  m o tio n  in d u ceed  by ve­
h icu la r traffic a n d  s tru c tu re  v ib ra tio n  induced  by ro ta tin g  m ach in ary  will be a t 
frequencies less th a n  60H z. For th is  reason  60Hz w as considered  a  reasonab le  cut 
off for th e  seism ic in p u t for dy n am ic  analysis . O nly  th e  first six m odes have n a tu ra l
frequencies less th s n  60Hz a n d  only th e se  six m odes were considered  in th e  analysis.
з .1  E n forced  M o tio n
P resen tly  N A S T R A N  does n o t include a com pletely  a u to m a tic  m e th o d  for 
p re sc rib in g  enforced  m o tio n  d y nam ic  analysis. H ow ever, a  d ifferent m e th o d  can  be 
u sed  to  overcom e th is  difficulty. T h e  id ea  b eh in d  th is  m e th o d  is th e  fac t th a t ,  if a 
very la rge  m ass , Af0, several o rd e rs  o f m a g n itu d e  la rger th a n  the  m ass  of th e  en tire  
s tru c tu re , is co nnec ted  to  a  degree  of freedom  an d  if a  d y nam ic  load  P is applied  
to  th e  sam e  degree o f freedom , th en  th e  acce leration  of th e  degree o f freedom  will 
b e , to  a  close ap p ro x im a tio n ,
u  =  - y P  (3 .1)
M q
S ta te d  in o th e r w ords, th e  load  w hich will p ro d u ce  a  desired  acce lera tion ,
и , is ap p ro x im a te ly
P  =  M „ii (3 .2)
T h e  accu racy  o f th is  a p p ro x im a tio n  increases as Mo is m a d e  la rger in 
co m p ariso n  to  th e  m ass of th e  s tru c tu re . S im ply, th e  eq u a tio n  of th e  m o tio n  for th e  
sy stem  is a p p ro x im a te d  by
73
F  = ( M  + m )a  
So
(M o +  m )a  =  M 0i1
an d
M„
Mo +  m
If Mo > >  m  th e n ,
u  =  a
For th is  in v estiga tion  th e  following d isp lacem en t is considered
T  = Oj } Stn(u><) 
a3
T ak ing  th e  deriva tive  of T  tw o tim es;
«i
T  — -u ? 1  ^ a j   ^ 5 m (u d )  
as
T h e  eq u a tio n  o f m o tion  for th e  u n d a m p ed  system  is
ai
+  £  K * jD ! ( t )  =  { a i  } Sin(u>f)
03
(3.3)
(3 .4)
(3.5)
(3.6)
(3 .7)
(3 .8)
(3.9)
and for damped system
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ai
J ^ A -(* )  +  H C ,i i^ ( * )  +  5 I A 'u A / ( 0  =  ^ m {  a : } S i n M )  (3.10)
a *
T h e  ty p e  o f load  used  is
P ( t )  = P i f ) ^ wi (3.11)
w here
P { f )  =  A B ( / ) e ‘(* /)+,+T) (3.12)
an d
A  =  Mo  (3 .13)
# = 0 . 0  (3 .14)
* ( / )  =  0 (3.15)
B { f )  = -u>3 (3.16)
A s im ilia r load  w as app lied  to  all th ree  su p p o rts  a n d  in th re e  d irec tions 
(X ,Y ,Z ) . H ow ever, in th e  X d irec tion  for th e  firs t su p p o r t  r  — O.Osec, for th e  second 
s u p p o r t  r  =  O.OOOSsec , a n d  for th e  th ird  one  r  =  .OOlsec. In  Y d irec tio n  r  =  0.0 
ev eryw here . F in a lly  in th e  Z d irec tion  r  =  0 .0 for th e  first a n d  th ird  s u p p o rts , while 
r  =  .0001 sec for th e  second one. r  w as ca lcu la te  based  on w ave speed  of 5000.0 
f t /s e c  a n d  th e  d is ta n ce  betw een  th e  p la tes.
In  th e  so lu tion  to  th e  p ro b lem , it w as assu m ed  th a t  a i = a j =  a j  =  l inch. 
H ow ever, th is  a ssu m p tio n  w as m ad e  due  to  th e  fac t th a t  re p re sen ta tiv e  values were
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no t availab le a n d  no m o tio n  d irec tion  preference  w as in d ica ted . To scale th e  re su lts  
to  d ifferen t in p u t, one can  sim ply  m u ltip ly  th e  re su lt by th e  new  in p u t m ag n itu d e .
T h e  load ing  fu n c tio n  w as assu m ed  to  be th e  sam e  a t  all th ree  d irec tions. 
To an aly se  th e  frequency  response  of th e  above sy stem  one m ay  use a  d irec t m e th o d  
o r m o d a l analysis. M odal analysis  w as selected  for th is  analysis becau se  o f th e  high 
n u m b e r of degrees of freedom . In  th e  n ex t section  th is  m e th o d  is exp la in ed  briefly.
3 .2  M o d a l A n a ly sis
M odal analy sis  basically  involves th e  unco u p lin g  of d ifferen tia l eq u a tio n s  
o f m o tio n  as a  m ean s  o f o b ta in in g  in d ep en d en t eq u a tio n s  to  fac ilita te  th e  response  
analysis  of a  m u ltip le  degree o f freedom  sy stem . T h e  in d ep en d en t eq u a tio n s  th a t  
re su lt from  th e  decoupling  process are  exp ressed  in te rm s  of co o rd in a tes  th a t  a re  
refered  to  as principal coordinates^ a n d  in te rm s  of n o rm a l m ode  p a ra m e te rs  th a t  
include th e  n a tu ra l  frequencies an d  m odal d am p in g  p ro p e rtie s  o f th e  sy stem . In th is  
p rocess th e re  is one in d ep en d en t eq u a tio n  for each  n o rm a l m ode  of v ib ra tio n , an d  
it can  be  solved as if it w ere th e  eq u a tio n  o f a  single degree o f freedom  sy stem . T h e  
sy stem  resp o n se  is th e n  o b ta in e d  by su p e rp o s itio n  o f th e  resp o n se  o f th e  ind iv idual 
n o rm a l m o d es. C o n sid er th e  eq u a tio n  of m o tio n  for u n d a m p ed  free v ib ra tio n , w ith  
d y n am ic  a n d /o r  s ta tic  coupling . T h is  eq u a tio n  can  be w ritte n  in e ith e r of the  
follow ing form s:
M X  + K  X  =  0 (3.17)
A f{£ ,}  + =  0 (3.18)
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in w hich
X  — {x^}—colum n m a trix  o f generalised  coo rd in a tes  
an d
X  — (x ,} = c o lu m n  m a trix  o f acceleration
T o  decouple  th ese  eq u atio n s  o f m o tio n , we s ta r t  w ith  th e  linear tra n s fo r ­
m a tio n  re la tio n sh ip
{ * .)  =  M { * >
fro m  which
(3.19)
{£;} =  (*]{£} (3.20)
In  th ese  eq u atio n s, [u] is th e  modal  m a trix , an d  th e  j ’s are  refered  to  as 
pr inc ipa t (norm a l )  coordinatei.  In  gen era l, th e  p rinc ipa l co o rd in a tes  do  no t have a 
g eo m etric  in te rp re ta tio n  b u t are  u sed  only  in a  m a th em atica l sense to  tra n s fo rm  
th e  e q u a tio n  from  one form  to  an o th e r
S u b s t i tu t in g  eq uation  3.29 an d  3.28 in equation  3.26 gives
+  * [« ]{ * ,}  =  0 (3 .21)
P rem u ltip ly in g  E q  3.12 by [u]r  to  o b ta in
(3 .22)
w hich can be reduced  to  th e  uncoup led  equation  of th e  form
\
M ,
X N l i l - 1 .2  n )
(3 .23)
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w here M ,  = g en era lized  m ass  o f  r th  m o d e
<*;,.=u n d a m p e d  n a tu ra l  c ircu lar frequency  of r th  m ode
For th e  case o f d am p ed  free v ib ra tio n , eq u a tio n s  of m o tio n  a re
M X  + C X  +  K X  = 0 (3 .24)
in  w hich C  is th e  d a m p in g  m a tr ix
‘e„ c „  ■ • r . . '
c = Cll c u  • ■ C».
C a t  • ■ ■ c _ 4
(3.25)
W ith  th e  ad d itio n  of th is  m a tr ix , th e  eq u a tio n s  of m o tio n  can also be 
coupled  by d am p in g , as well as being  dynam ically  a n d /  o r s ta tica lly  coupled . T h is 
occu rs  if th e re  a re  off-d iagonal d am p in g  coefficients, c;j, in th e  d am p in g  m a tr ix . If 
we s u b s ti tu te  th e  m o d a l-m a trix  tra n s fo rm a tio n s
{*.} = M W  
{*.}  =  !« 1 W  
{*.}  =  M M
in to  eq u a tio n . 3-17 an d  th e n  p rem u ltip ly  th e  re su lt by (u]r , we o b ta in
(3.26)
T h e  first an d  th e  la st te rm  of eq u atio n  3.28 reduce  to  d iagonal m a trices  
due  to  o rth o g o n a lity  re la tio n sh ip s  betw een  th e  e igenvectors re la tive  to  th e  m ass 
m a tr ix  M a n d  stiffness m a tr ix  K . T h e  second te rm , how ever,
M r c M (3.27)
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does n o t u sually  reduce  to  & d iagonal m a tr ix . O ne p rac tica l ap p ro ach
to  com pletely  uncoup ling  th e  d a m p ed  free v ib ra tio n  eq u a tio n s  is to  in tro d u ce  th e
co n cep t o f p ro p o r tio n a l d am p in g .
In  p ro p o rtio n a l d am p in g  m a tr ix  C  is a ssum ed  to  be  p ro p o rtio n a l to  th e  
m a tr ix  M or to  stiffness m a tr ix  K. For ex am p le , if we a ssu m e th a t
C  = a M  (3.28)
In  w hich  a  is c o n s ta n t, th en
[u]TC |u ] =  q [u ]t M [ u ] (3.29)
In  w hich M r is th e  generalized  m ass of th e  r th  m ode . For th is  re su lt, it is 
co m m o n  p rac tice  to  a ssu m e th a t  th e  m o d a l d am p in g  h as  th e  fo rm  of
2C*u>rM r =  a  M r (3-30)
3 .3  D ir e c tio n  o f  th e  M o tio n  o f  th e  E lec tro n
As we m en tio n ed  earlie r, du e  to  th e  d ynam ic  resp o n se  of th e  m ag n e t to  its 
seism ic in p u t ,  th e  d irec tio n  of th e  m o tio n  of th e  e lec tron  m ay  change  an d  becom e 
d isp laced  from  its  p re d ic ted  tra je c to ry  w hen  it ex its th e  d ipo le  m a g n e t. O ne o f th e  
p r im a ry  goals o f th is  research  effort w as to  p red ic t th is  d isp lacem en t a n d  th e  change 
in  th e  d irec tio n  o f th e  ex it velocity  of th e  e lec tron .
T h e  d irec tio n  o f th e  m ag n etic  force on a m oving  ch arg e  can be specified 
u sing  th e  r ig h t-h a n d  screw  ru le , figure (3 .21).
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B
F ig u re  3.20: illu s tra tio n  o f F  =  x B
T h e  d ire c tio n  o f th e  m ag n etic  force on  a  m ov ing  positive  charges in the  
d irec tio n  th a t  an  o rd in a ry  (r ig h t-h a n d )  screw  w ould ad v an ce  w hen  ro ta te d  from  the  
d irec tio n  o f 'V* to w a rd  d irec tio n  of ’B ’ (figure 3.20).
F  — e ,v  x B  (3.31)
w here  
F = force
e ,= e le c tro n  ch arg e  
tT,= e lec tro n  velocity  
& = M ag n e tic  field
F or th e  case o f o u r  in v estig a tio n , we a ssu m e  in itia lly  no  v ib ra tio n  exists
T h e n .
F  =  (3 32)
Since th e  m a g n itu d e  of e lec tron  velocity  does n o t change
dv'  T v« - in—  =  u .u .  ~  -  — u r (3 .35)
d v t v* „ .
■ *  ~  _ / ? ” • ( 3  36)
a n d
B  =  f i f d f  (3 .37)
v t =  vt u ,  (3 .38)
w here
d f  =  — u v (3.39)
In tro d u c in g  eq u a tio n  3.37 3.36 a n d  3.33 in to  3.32 re su lts  in
I  = $!'<
R  v ,m .
(3 .40)
F or th e  case  o f th is  investig a tio n  w here  th e  field itse lf h as  its ow n velocity, 
, one can  easily show th a t
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F igu re  3.21: C o o rd in a te  o f e lec tro n
W here;
u /= f ie ld  velocity
J / = T h e  d irec tion  o f th e  field
-r dilt ds 
* da dt
b u t
ds
d7 =  v'
(3 .42)
(3 .43)
In tro d u c in g  eq u a tio n  3.43, 3.30, 3.40 to  3.42 an d  u p o n  sim plifica tion  re*
su its  in
W h en  th e re  is no v ib ra tio n
rfu, 1
~ds =  R Ur
T h u s  th e  ch ange  aw ay from  th e n o  v ib ra tio n  s ta te  is
d u r 1 i- v i T
H ~ r  ) =  (-5 )■(«/ X u, -  u r  d } x U } )
ClS A Vf
(3 .44)
(3.45)
(3.46)
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a n d
<(w.) =  j x  it, -  ur -  x it j ) )da  (3.47)
O ne can  sim p ly  show 
« (* .)  =  / ( / « ^ )  ( ^  x <r. -  -  ^ < f /  X e , ) ) d . ) i *  (3 .48)
As one can  see, th e  fac to rs  w hich co n tib u te  to  th e  change of velocity a re  
i f  an d  Vf.  T o  d e te rm in e  cf/( consider figure 3.23. In  th is  figure th e  forces of th e  
u p p e r a n d  low er poles o f th e  m ag n e t a re  show n. An im ag in a ry  m id p lan e  is also 
d ep ic ted , i f  is p e rp e n d icu la r  to  th e  m idp lane . To d e te rm in e  th e  d irec tion  of i j ,  
o n e  d e te rm in es  th e  co o rd in a te  of p o in ts  A ,B ,C , an d  D a n d  th e  d irec tion  of i f  is 
s im ply  defined  from  th e  cross p ro d u c t of d irc ted  line segm ent A C  and  B D .  . T he  
d isp lacem en t of each  grid  p o in t on th e  face of th e  d ipole w as d e te rm in ed  using  th e  
frequency  re sp o n se  analysis . W ith  th e se  d isp lacem en t , th e  co o rd in a tes  o f A ,B ,C , 
a n d  D w ere ev a lu a ted . S ince four p o in ts  on a  p lan e  are  know n, one can sim ply  find 
th e  d irec tio n  of th e  v ecto r p e rp e n d icu la r  to  its  cen ter. T h e  sam e p ro ced u re  was 
u sed  to  d e te rm in e  th e  velocity  a t th e  cen te r o f th e  m id p lan e . F ig u re  3.24 th ro u g h  
3.29 show s th e  d isp lacem en t an d  th e  velocity  of th e  field a t  g rid  p o in t 2376.
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Figure 3.22: Two faces of the magnet poles and their midplane
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F ig u re  3.23: D isp lacem en t in th e  X d ire c tio n , g rid  p o in t 23T6
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Figure 3.24: Di*pl*«nicnt jn the Y direction, grid point 2376
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Figure 3.25: Displacement in the Z direction, grid point 2376
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Figure 3.26: Velocity in the X direction, grid point 2376
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Figure 3.27: Velocity in the Y direction, grid point 2376
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Figure 3.28: Velocity in the Z direction, Grid point 2376
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3 .5  R e su lts
T o d e te rm in e  th e  e r ro r  b o u n d s  of th e  e lec tro n  eq u a tio n s  3.56 a n d  3-57 a re  
u sed . C arefu l s tu d y  o f th e se  eq u a tio n s  show s th a t  i f  a n d  ^  a re  th e  te rm s  w hich 
c o n tr ib u te  to  th e  e r ro r  b o u n d  on  th e  m o tio n  o f th e  e lec tro n . T h e  second te rm  (~ f ) 
is very sm all since v /  < <  v t . C onsequen tly  its  effect is neglegible. F ig u re  3.23
show s th e  d irec tio n  of i f .  If th e  m id p lan e  (show n in figure 3 .23) rem a in s  horiE ontal
a n d  i f  p e rp e n d ic u la r  to  it, th e n  ( i f  x t*e — u , ), a n d  it cancels w ith  th e  second  te rm  
in e q u a tio n  3.47. So th e  e rro r  becom es neglegible. H ow ever, if  th e  field beg in  to  
r o ta te  a b o u t th e  axis p e rp e n d icu la r  to  th e  p lan e  of th e  p la te s , th e  d irec tio n  o f th e  
i f  will change . T h u s , i f  m ay  be  defined  as
i f  — d f v +  d f T (3 .58)
W h ere  d irec tio n s  y, a n d  r  a re  defined  in figure 3.22.
d f  x =  o«r +  (3 .59)
In tro d u c in g  eq u a tio n  3.59 to  3.56 a n d  sim plifying.
t u .  =  +  [ £ [ B ( s ) u vds]] (3.60)
o r
=  j u rtir +  6 U y U y (3.61)
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T o  solve th e  above eq u atio n  th e  following p ro c e d u re  w as a d o p ted . T h e  
frequency  re sp o n se  o f th e  m ag n e t for its  seism ic in p u t  w as d e te rm in e d  u sing  th e  
tech n iq u e  d esc rib ed  in  sec tion  3-1. T h e  velocity  a n d  d isp lacem en t o f  every  grid  po in t 
on th e  face o f th e  poles w ere d e te rm in ed  fo r each  frequency  of th e  in p u t sp e c tru m , 
0 <  /  <  6 0 H z .  F ig u re  3.24 th ro u g h  3.29 shows th e  d isp lacem en t a n d  velocity o f the  
g rid  p o in t 2376 (show n  in  figu re  3 .23). T hese  d isp lacem en ts  a n d  velocities a re  given 
an  local c a r te s ia n  co o rd in a te  ax is. A h y p o th e tica lly  defined  m id p lan e  is in tro d u ced  
an d  d iv ided  in to  several e lem en ts  (figure 3.23 show s o n e  o f th e  e lem en ts). H aving  
th e  velocities a n d  d isp lacem en ts  o f th e  pole face e lem en ts , one m ay  find  th e  lo catio n  
o f th e  co rn ers  o f th e se  e lem en ts  (e.g  in  figure 3.23 A ,B ,C ,D ). T h e  co o rd in a te s  of 
th ese  p o in ts  w ere tra n s fo rm e d  to  local (r-y -e) co o rd in a te  axis( defined in figure 
3 .22). T h e  line p e rp e n d ic u la r  to  th e  p lane  A B C D , d f  w as ev a lu a ted  by th e  cross 
p ro d u c t o f th e  e lem en t d iagonals. T h e  re su lts  w ere su b s ti tu te d  in eq u a tio n  3-56. 
O bviously  for cases w ere th e  m id p lan e  p lane  rem a in ed  h o rizo n ta l th e  e rro r b o u n d  
is neglegib le, since ( d f  x  tt* =  u r ).
T h is  p ro ced u re  w as re p e a te d  for several frequencies a n d  6u r , a n d  6tt„ were 
d e te rm in e d . F ig u re  3-30 an d  3.31 dep ict f t i r a n d  6 u y versus frequency. C onsequen tly
=  1 5 8  x  10_*u, -  1.35 x  1 0 " V v( l / m )  (3 .62)
T h e  sam e  p ro c e d u re  w as a d o p ted  to  d e te rm in e  6 x t .
(3 .63)
6 z „  a n d  versus frequency  w ere p lo tte d  (figure 3-32 an d  2 .33). So 
6z«)m«c =  4.15 x  10- s u , -  3.65 X 10_4u „ ( tn / in )  (3.64)
or 
x 
un
$
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3 .6  D iscu ss io n  o f  R e su lts
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I t shou ld  be po in ted  o u t th a t  th e  s tru c tu re  of th e  m ag n e t jn question  is 
h ighly  u n en g in eered  and  an iso tro p ic . A ccordingly, p red ic tin g  th e  beh av io u r o f it 
su b jec te d  to  seism ic in p u t is n o t an  easy ta sk . It requ ires a defined m ethodo logy  
for d e te rm in in g  th e  v aria tion  of th e  effective p ro p e rtie s  of th e  m a g n e t. T h e  m ain  
th ru s t  of th is  research  effort w as to  develop a  tech n iq u e  w hich could  be  app lied  to  
th e se  k inds of s tru c tu re s  for d e te rm in in g  th e  varia tion  of th e ir  effective m odu lus 
o f e lastic ity , an d  to  app ly  it to  th e  p a r tic u la r  d ipole  m a g n e t in sta lled  in C A M D . 
It shou ld  be p o in ted  o u t th a t  th e  an iso tro p y  is m ain ly  in th e  d irec tion  o f th e  axis 
w hich is p e rp e n d icu la r  to  th e  p lan e  of th e  lam in a tio n  p la tes.
An ex p erim en ta l p ro c e d u re  based  on th e  th eo ry  of w ave p ro p a g a tio n  w as 
in tro d u ce d  in c h a p te r  2. T h is  ex p erim en t w as p e rfo rm ed  to  d e te rm in e  th e  effective 
p ro p e rtie s  o f th e  m a g n e t. D ue to  th e  com plex ity  o f th e  g eom etry  of th e  m a g n e t, as 
well as th e  lim ita tio n  of th e  in s tru m e n ta tio n  used  in th is  research  effort, th e  effective 
p ro p e rtie s  of the  m a g n e t w ere o b ta in e d  for only ce r ta in  areas of th e  m ag n et (tab le  
2 .1). As one can see th e  effective m o d u lu s  of e lastic ity  varies from  0.39 x 10* to  
4.7 x 10* psi. W h en  th is  is co m p ared  to  th e  m o du lus of th e  steel, a ra tio  of i  
^  is o b ta in e d . T h ese  resu lts  a re  o b ta in ed  a ssu m in g  th e  d a m p in g  to  be neglegible. 
In section  2 .5 , a  m e th o d  was in tro d u ced  for ca lcu la ting  th e  d am p in g  ra tio . In th is 
tech n iq u e  th e  average  m o d u lu s  of th e  m ag n et was ev a lu a ted  , using th e  ex p erim en ta l 
re su lts  d ep ic ted  in tab le  2.1, an d  was com p ared  w ith  the  average m o du lus of the  
m a g n e t o b ta in ed  by T an ab e  et a] [11]. It should  be po in ted  out th a t th e  expec ted  
d y n am ic  resp o n se  o f th e  m ag n et in question  is very sm all. T h e  frequency  of in te re st
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is low also. Accordingly the dynamic and static behavior of the magnet would 
be very close. Thus, one may use the static properties of the m agnet, found by 
of Tanabee el a l [ l l ] ,  for modifing the dynamic properties of the m agnet using the 
technique introduced in this research effort. Using the technique described in section  
2.5 the results shown in table 2.1 were modified (table 2.2). A careful study of table  
2 .2  indicates that the effective modulus of the m agnet varies from to ■
As a result the dam ping correction reduces the apparent modulus of the elasticity 
of the m agnet in question. As was pointed out earlier, the effective modulus of the 
m agnet was found only in certain regions. Thus, a technique was introduced for 
evaluating the effective m odulus at other areas of the m agnet.
As it was pointed out in the chapter I, when the m agnet is built some  
residual stresses are produced between the plates. These stresses contribute to 
the effective m odulus of elasticity normal to the plates. Simulating these residual 
stresses in the m agnet, allowed estim ation of the effective m odulus of each element 
throughout the m agnet. The magnet was divided into several elem ents and the 
variation o f these residual stresses were evaluated using the technique described in 
section 2.6. To simulate these stresses the effective modulus of elasticity was as­
sum ed to be uniform everywhere in the magnet. Initially the residual stresses were 
evaluated assum ing ( £ , / /  =  ^ o 1) The sam e procedure was repeated assuming. 
( E t / f  =  ^ooo J* w hich is within the range of the effective m odulus of elasticity ob ­
tained in section 2.5 and table 2.3. The stress contours for both cases are shown 
in chapter 2. The contours were found to be almost identical for both cases. Ac­
cordingly, the contour obtained for the first case was adopted as the contour which
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may have existed in the real situation. At areas with higher compressive stresses 
the modulus of elasticity would be higher and vice versa. This is due to the fact 
that in those areas the contact between the plates is more frequent than in other 
areas. For instance the mid concave part of the m agnet, where the stresses are more 
compressive than other areas, the highest effective m odulus o f  elasticity was found. 
As one moves toward the end of the magnet(region free of stresses), the effective 
modulus decreases. Similiarly as one moves toward the concave part of the magnet 
where the residual stresses are less compressive, the effective m odulus decreases as 
well. The effective m odulus was found to vary from to E  — O.Opsi (to avoid
numericall difficulty E  =  lO.Opsi was used. Unlike the prediction made by Tanabee  
et a l[ l l ]  , the variation of the effective modulus of the magnet was quite large.
As far as error bound on electron motion is concerned, it was pointed out 
earlier, it becomes critical only when the magnet begins to rotate about the axis 
perpendicular to the plane of the lamination plates.
3 .7  C o n clu sio n s
1. The highest effective m odulus of elasticity was found to be at tlie mid 
convex part of the m agnet
2. Unlike the prediction m ade by other observers, the effective modulus of 
elasticity o f the magnet is not constant in the magnet
3. The variation of the effective modulus of the magnet is between * 
and E  — Opsi .
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3 .8  R ec o m en d a tio n s
Based on the results of this research effort the following recommendations  
are given.
1 .Several experim ents should be ran to determine the factors which con­
tribute to  the variation of the effective modulus of elasticity in the magnet. These  
should be performed by first changing the number of lamination plates. One may 
perform the experiment for a straight m agnet with a small number of plates using 
more sophisticated accelerometers. Several accelerometers should be placed at ap­
propriate areas to determine the amount of wave spread and energy fraction that 
traveled straight through the plates. Then the number of plates should be increased 
to determine stack length effects. Similiar experiments may be repeated with the ra­
dius of curvature of the magnet changed. In both cases, the static effective modulus  
of the m agnet would be evaulated for comparison.
2 . To determine the effective modulus at areas of the m agnet, not deter­
mined experimently, the m ethod introduced in this research effort can be extended. 
Similiar to the technique described here one may assume a trial value for the efec- 
tive m odulus of elasticity throughout the m agnet. Using finite element m ethod the 
residual stresses can be determined. Relating the residual stresses to effective m o d ­
ulus of elasticity in each element will allow one to evaluate the modulus of elasticity 
at each elem ent. The procedure can be repeated to determine the residual stresses 
but this tim e the new effective modulus of elasticity can be used. This procedure 
may be repeated until a certain convergence is reached.
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Appendix A 
MODIFICATION OF THE RAW 
DATA
T h e  following uni-axial  accelerometers  were used in this research effort. 
Accelerometer A which was a tached  to a holder and  c ap tu red  the  o u tp u t
waves
Model  AA220002 
serial no 258 
m a d e  by Gul ton
Accelromete r B which de tec ted  the  input waves 
model AA314101 
serial no 105 
m a d e  by Gulton
Suggested n a tu ra l  frequency l().5KHz
To record the  signals a Nirolet digital storageOsci l loscope ivas used 
Serial no 88B03513
1 0 4
1 0 5
T h e  d a t a  ob ta ined  from the digital oscil loscope have coord ina tes  of vo Itage 
vs sec . They  could be conver ted  to f t / s e c 2 vs .sec) us ing the  following relation:
lOOOwo
w ' = - s T ~  , A "
where:
w —reading  ob ta ined  from the  oscilloscop 
g -  32.2f t / s c e 2
S.F.  — 21.3 (m a n u fa c tu re r  d a t a  accelerometer B) 
u>i =  conver ted  "w ”
W h en  the  wave is de tec ted ,  the re  is a possibil ity of r inging in the  ac­
ce le romete r,  o r  its holder(for accelerometer A) . T he  waves p roduced  th ro u g h  ring­
ing m ay  d is to r t  th e  original waves.  For case of o u t p u t  waves the  n a tu r a l  frequency 
of the  acce lerometer  and  the  ringing wave in the  ho lder are  close, and  one  may 
exper ience  a  b ea t ing  ph en o m en o n  (fig A . l ) .  Fig A.2 depicts  the  free vibra tion of 
acce lerometer  B. Fig A.3 showes the  oscil lograph record of free v ib ra tion  of ac- 
cele romete  A, and  fig A A  magnifies por tion  of fig A.I.  T h e  n a tu ra l  per iod of the  
accelerometers  can be d e te rm ined  from fig A . l ,  and  A .2 and  and  calcula ted for the  
holder.
us ing fig A . l ,  and  2 
/ — 88psec  (for B)
/ — fi7psec (for A) 
t ~  40pscc  (for holder)
To avoid the  possibil ty of dis to rt ing th e  original  wave, th e  following p ro ­
cedure  was a d o p ted .  T h e  original  wave was t ran s fo rm ed  to the  frequency dom ain  
by per form ing  its Fas t  Fourier T r a n s f o r m a t io n  F F T ) .  T h e n  the  am p l i tu d e  of the 
t ran s fo rm ed  d a t a  was zeroed a t  the  frequencies corresponding  to  the  following pe 
riod range.
8 3 p j e r  < t <  93psec  
62p sec  < t <  72f isec 
35f i scc  < t <  45f isec
A fte rward  th e  inverse fourier t r ans fo rm a t ion  of the  results  was done, and  
the  results  were considered as the  working waves. However,  in this investigation 
just  the  first pulse of the  signals was selected,  and  the  effect of the  above opera tion 
on the  first pulse was neglegible.
Analysis was pe r form ed  on a VAX/H800 after d a ta  was transfe red from 
the  digital  oscil loscope via an IBM compat ib le  PC.
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Figure  A . l :  T h e  oscil l iograph record of free v ib ra tion  of acce lerometer  B
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Figure A .2: Beating in the accelerometer A and the holde
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Figure A .3: The oscilliograph record of free vibration of accelerometer A
tigure A.4: The first portion of fig 1 is magnified
Appendix B 
DETERMINATION OF THE 
ACCELERATION
Fig  B . l  shows th e  s t ru c tu re  of th e  acce lerom eters  used in th is  exp er im en t .  
T h e  acce lerom eter de tec t th e  co o rd in a te  X  = Z  — Y .  However, we a re  in te res ted  
in co o rd in a te  Y.
t
F ig u re  B . l :  T h e  s t ru c tu re  of the  acce lerom eter
O ne  can  easily show th a t  the  following re la tion holds t ru e  
m x  +  ex + k x  = —m y  
l )p o n  sum plification:
(B . l )
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I l l
x + 2Cu>nx + u>lx = - y  (B.2)
Using fig A .2, a n d  A .3 an d  A .4 from  A P P E N D IX  A, one  can easily show 
For acce lerom eter A 
T  ~ 67(isec  
For acce lerom eter  B 
T  — 88/xsec
T h e  following re la tion  holds t ru e
< =  ‘ B '3 >
C onsequently , for A
C = 0.011 
a n d  for B 
C =  0.014
A fter filtering th e  raw  d a ta  (see A P P E N D IX  A), a  c o m p u te r  p ro g ram  was
developed. T h e  first pulse of the  d a ta  was read a n d  x  and  i  were ob ta in ed . Having
equation  B.2 was solved for y
Appendix C
The Raw Data and their Analyzed 
Graphs
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v
Figure C .l:  Raw data for point pair 1 a)input b)output
U
Figure  C.2: R aw  d a t a  for point  pa ir  2 a ) inpu t  b)  o u t p u t
1 M
i '  '
!• 
i  i
J  l i V
/A
V /
Figure C.3; Raw data for point pair 3 a)input b)output
v4
“’’i
L..: _ 11J W M
Figure  0-4:  Raw d a ta  for point pa i r  4 a (input 1)(output
1 l.r,
F igure  C.6: Raw d a ta  for point pair  6 a (input b (out put
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Figure  C\7: Haw d a t a  for po in t  pa i r  7 a t i n p u t  b ) o u t p u t
p-».
'n.. *■
. 111 
'  1 '  i : i f[ !'• r\ {•■
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i :
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F igure  C.8: Raw  d a t a  for poin t  pa ir  8 a ) inpu t  b ) o u t p u t
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F ig u re  C .9: R aw  d a t a  for po in t pa ir  9 a ) in p u t  b ) o u tp u t
r im  iT n .
am
Figure C.10: Raw data for point pair 10 a)input b)output
F i g u r e  C . l  1: T h e  first  p u l s e  of t h e  c a p t u r e d  s ignals  for p o in t  pa i r  1 a ) i n p u t  b (ou t  pu t
F i g u r e  C .12 :  T h e  first  p u l s e  of  t h e  c a p t u r e d  s igna ls  for po in t  p a i r  2 a ) i n p u t  b ) o u t p u t
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F igure  C.13: T he first pulse of the raptured signals for point pair 3 a)in p u t b ) o u t p u t
F i g u r e  C . l 4: T h e  first pu lse  of  t h e  c a p t u r e d  signals  for po in t  p a i r  4 a ) i n p u t  b ) o u t p u t
1 2 0
F ig u r e  CMS: T h e  first pulse of th e  c a p tu r e d  signals for po in t  pa ir  f> a ) inpu t  b ) o u t p u t
F ig u r e  C.16: T h e  first pu lse  of th e  c a p tu r e d  signals for poin t  pa i r  6 a ) in p u t  b ) o u t p u t
F i g u r e  C . l  7: T h e  fi rs t  pu lse  o f  t h e  c a p t u r e d  s ignals  for p o in t  pa i r  7 a ) i n p u t  b ) o u t p u t
F i g u r e  C .18 :  T h e  fi rs t  p u l s e  o f  t h e  c a p t u r e d  s igna ls  for po in t  p a i r  8 a ) i n p u t  b ) o u t p u t
F ig u re  C.19: T h e  first pulse of th e  c a p tu r e d  signals for poin t  pa i r  9 a ) in p u t  b ) o u t p u t
F ig u r e  C.20: T h e  first pulse  of th e  c a p tu r e d  signals for poin t  pa ir  10 a ) iu p u t
b ) o u t p u t
F i g u r e  C .21: A cce le ra t io n  cu rves  for po in t  pa i r  1 a ) i n p u t  b ) o u t p u l
F i g u r e  C.22: A cce le ra t ion  curve  for po in t  p a i r  2 a ) i n p u t  b ) o u t p u t
1 2 4
Figure C-23: Acceleration Curves for point pair 3 a)input b)output
F igu re  C.24: A cce lera t ion  C u rv es  for poin t  pa i r  4 a ) in p u t  b ) o u t p u t
F ig u r e  C.25: A c ce le ra t io n  curves  for po in t  pa i r  5 a ) input  b ) o u t p u t
F ig u r e  C.26: A c ce le ra t io n  cu rve  for poin t  p a i r  6 a ) i n p u t  b ) o u t p u t
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Figure C .27: Acceleration Curves for point pair 7 a)input b)output
F ig u r e  C.28: Accele rat ion  C u rv e s  for po in t  pa i r  8 a ) in p u t  b ) o u t p u t
F ig u re  C.29: Acce le ra t ion  C u rv es  for poin t  pa i r  9 a ) i n p u t  b ) o u t p u t
F ig u r e  C.30: Accele rat ion  C urves  for po in t  pa i r  10 a ) in p u t  b ) o u t p u t
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Figure C.31: Correlation for the acceleration curves point pair 1
F ig u re  C.32: C orre la t ion  for th e  acce lera t ion  cu rves  po in t  pa i r  2
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Figure C.33: Correlation for the acceleration curves point pair 3
ta
F ig u r e  C.34: C orre la t ion  for th e  acceleration  curves  poin t  p a i r  4
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Figure C.35: Correlation for the acceleration curves point pair 5
I i
F ig u re  C.36:  C o r re la t io n  for th e  acce le ra t ion  curves  point  pa i r  6
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Figure C.37: Correlation for the  acceleration curves point pair 7
M
1 M O '*
F ig u r e  C.38: C o r re la t io n  for t h e  acce le ra t ion  curves  po in t  pa i r  8
132
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Figure C.39: Correlation for the  acceleration curves point pair 9
o
%
Figure C.40: C orre la t ion  for t h e  acce le ra . ion  cu rves  poin t  pa i r  10
ll'«
*
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Figure C\41: P S D  of the acceleration curves point pair 1 ajinput b)output
F ig u r e  C.42: P S D  of th e  acce le ra t ion  cu rves  poin t  pa i r  2 a l in p u t  b )o u tp u t
F ig u r e  C.43: P S D  of the  acceleration curves point  pa ir  3 a ) input  h (output
r .-V:
i i
- 1
"y\
F ig u r e  C.44: P S D  of the  acce lera t ion  curves  point  pa i r  4 a h n p u t  b )o u tp u t
1 3 r(
Figure C.45: P S D  of the acceleration curves point pair 5a)input L>)mitput
3 - "7*
F ig u r e  C.46: P S D  of the  acce lera t ion  curves  point  pa ir  6 a (input  M o u t p u t
Figure* C.49;  P S D  of the acce l e ra t i on  curves  poni l  pai r  6 a j i n p u l  b  lout  put
Figure  C'..r»0: P S D  of the  acceleration curves point pair 7 a (input b jO u tp u t
Fi g u r e  v' .M' .  P S D  of the acce lera t ion  curves  point  pai r  8 a j i npu t  b)ot  j
F i g u r e  C.52:  P S D  of the acce l e ra t i on  curves  point  pai r  9 a b n p u t  b )o u t i
l . ' t "
Figure  C ,.ri3: PSD of the- acceleration curves point pair  ID a) input M o u tp u l
Appendix D 
Mathematical Modeling of The 
Magnet
T h e  following m a th e m a tic a l m odel is developed based  on  th e  m odel de­
sc rib ed  in [23]. A p o rtio n  of m ag n e t(o n e  sq u are  inch) is a ssu m m ed  to  be m ade of 
la ttic e  of 1424 m asses w hich a re  co nnec ted  by sp rings of the  sam e atiffness(fig D .l) .
m
1
K
n tm
H H H
F ig u re  D .l :  M a th e m a tic a l m odel o f th e  m ag n e t
W e s e p a ra te  T h e  paLrticle(plate) in eq u ilib riu m  by a  d is tan ce  d along the  
x ax is, a n d  we shall ta k e  th e  osc illa tions o f th e  p a rtic le s  to  be  long itud ina l. T he 
p la te s  w ere n u m b e re d  by calling  th e  p a rtic le s  a t  th e  origin 0 , th e  nex t partic le  to  
th e  rig h t 1, e tc . T h e  d isp lacem en t of th e  n th  p a rtic le  is n a m ed  so th a t  z n , the  
c o o rd in a te  o f p a rtic le  n , will be  given by
r n = n d  + y„ (D.l )
In te ra c tio n  be tw een  all partic les  were assu m ed  ta  ex ist , an d  for th is  one 
req u ires  th e  ex p ress io n  for th e  d is tan ce  betw een tw o partic les  n a n d  n + m  (fig D .l) . 
T h is  d is ta n ce  is
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1 4 0
, n + m  +  m  O l d  - f  J / n 4  m  ! / n  ( D  . 2  )
This  express ion m ay  be either positive or negat ive,  depend ing  on w he ther  
m  is posit ive or  negative.  T h e  energy of in te rac t ion  between two par ticles will 
be expressed as a po ten t ia l  function th a t  will be  a ssu m ed  to depend  only on the  
d is tance  be tween the  two particles:
T(r)  = T(|  (a-n+m - x n ) |) (D.:i>
T h e  to ta l  potentia l  energy of the  lat tice will then he given by
= i I) <u -4 >
i  m >0
m  m ust  be res tr ic ted  to posit ive values so t h a t  the  in te ract ion between a 
given pair  of particles will be counted  only once.  We m igh t  take  the  sum  over all 
values of m a n d  divide by two to c o m p en sa te  for count ing  each pa i r  of particles 
twice. However,  m  was res tr ic ted  to posit ive values, since this enables  us to d rop  
th e  abso lu te  value sign in the  a rgum en t  of U. Assuming  t h a t  the  d isplacement y n 
a re  smal l  co m p ared  with  d,  one  m ay  ex p an d  U in a  Taylor series. T h u s
f'r(a \ . 4 m -  ~  U ( m d ) +  (yn+m -  y n) U ' { m d )  +  ^ ( y 0  + m -  yn )*F” (mrf) + . . . (I)..r»)
where  f f ' (m d )  and  U " (m d )  are  the  derivatives and  eva luated at 
m d .  S u b s t i tu t i n g  the  Taylor expans ion  in equat ion  D . l 7 and  neglecting powers  of 
J/n + m -  y n h igher t h a n  th e  second, one m ay  ob ta in  for the  po ten t ia l  energy of the  
lat t ice
V ~  X I  X]  f «( TT* t/) +  (l/n + m “  i/n )f; '{mrf) + " )yn + m -  l/n ) * f 7  ” ( TJ1 rf ) ] , ( D.C)
n  m  >  0
or
I' -■ con At. + V  [ ( y„ 4  - y„ )f " ( m d)  +■ )y, 1 + m yfl )3 f'"‘(m d) | .  (D.7)
«  m  > 0
where  tlie constant is given by
con At. — V  ^  T ( m d )  -- n ^  f 'Dnrf)  (D,H)
n  m  > 0  m  > 0
1 4 1
The force Fp acting on the pth particle is obtained by taking the negative 
derivative of the potential energy with respect to the displacement of this particle. 
Before performing the differentiation it should be noted that only two terms from 
the sum over all values of n remain, the others dropping out because they do not 
contain the variable yp. The two remainig terms will be those for which n ~ p  and 
n + m —p. m is to be positive , so the terms for which 11 —p will give the force on 
particle p due to particles to the right, while terms for which n + m —p give the force 
on particle p due to particles 011 tire left. Therefore,
- ! £  =  - 4 ^ n E m>0 [(yn + m -  y n ) V ( m d )
+ \ { y n  + m -  ~ ^  Em>o[(!/p+m “ i/P)f / > ^ )  +
2(Vp+m -  Pp)2^ ”(md)] + (yp -  j/p_m)f^'(md) +  ^(yp -  t/p, m)I f ' ”(nirf) -
-  -  (j/p+m -  yp)U"{md)  4 + (yP -  yp-m)f;,'(oid)] (13.9)
m>0
or, writing f instead of f?n{md),
Fp =  f ;,'m(yp+m 4- J/p-ft, -  2yp) (13.10)
r n  > 0
As for Eq (D.22)  and  v ibra t ions  inside an  infinite la t t ice,  th e  force Fp will 
be ba lanced  by th e  inertial  force so t h a t  the  equa t ion  of mot ion  for the  sys tem will 
be
^2
Fp  -  -  ]T  V ” „ i y p + m  +  j/p. m -  2yp ) (13.11)
^  rn > 0
Lei u& assum e  a wave solution for Eq (2.33). 
yp =  = A r 2w w - « p d )  (I). 12)
where  n — |
i' is, of course,  the  frequency and  a the  wave n u m ber ,  this gives
J / p + m  4  J / p - m  -  2 y p  =  f - 2 w , m d a  4 ^ r r . m d o  .. ? )
- 2yp{ 1 -  ros2rroni(y) -  -Ai/p.u n “V o n x /  ( I ) . 13)
s u b s t i tu t in g  the  equation) 13.24 ) and  equation! I) .2.9 ) in equatimi( 13.23 ) r e ­
sults  in;
V - f  ^  A/rr 1 ! ' 2 ^ , m , (iU " Tn* n , 2n a m d  -
 ^ -  co3‘i n a m d )
m >0
( f 3  • 1 4  )
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with f^11 (tttd ). From equation D.26 we may varify at once that r
is a periodic function of a and has period since
I/2(a + ■;) =  *'2( a ) (D.15)d
and u must he positive.
If we assume that the interactions among the particles are negligible except 
for nearest neighbors, equation (D.26)  reduces to
A 1-n2u 2 = U ” s i n 7 it ad  (D.16)
where V"  = .
We may compute the velocity of the wave propogation as;
(D.17)a V M | (a-fld)
Therefore when ad —* 0 the above equation change to
[T ~
1 “ = rfV "m  ,d -""
One of the points to look when using the above equat ion is t he cutoff point.
For the wave length large compared with d, i.e., if the lattice may be regarded as
a mutinous  meduim, the velocity is V* and is independent of the wave length.
As the wave length decreases, the velocity decreases and approaches or O.fi.'tb
times V’ot,. This velocity is reached at wave length A =  2d. For A = 2d there is an
ambiguity in the velocity of propogation, as pointed out in an earlier section, since 
the wave may be propogating in either direction with velocity 0.63517,* or may be a 
standing wave. The cutoff frequency um is obtained from equation 2.4U by setting 
ad — ^ .
1 f u " 
" ~ ^ V a 7
(D.l!))
Appendix E 
Guyan Reduction
E . l  T h eo ry  o f  G u yan  R ed u ct io n
The idea behind Guyan reduction is to partition the displacement vector 
( u y )  into subsets {u0} and {u a}.
{ (E .l )
The degree of  freedom in {u0} are then eliminated from the dynamic equations 
in such a way that the static properties of the structure are preserved. Let the 
unreduced dynamic equations be written as
=  Ip '/]
where {p'y} includes all other Unear terms, i.e.,
i Vf ]  =  ( P / ( 0 }  -  [Ai , f P 7 + B f f P  + tA'JyHuy]
equation E-2 is partitioned in the same way as eq 1:
(E-2)
(E.3)
(E .4 )
{«„}  may be expressed in terms of {«„}  by solving the bottom half of 
equation E-4
M  = [ G - I K }  + { O
where
(E.b)
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1 4 4
[GD =  - l K 0o } - l \p:\ (E .7 )
S u b s titu tio n  of eq u a tio n  E-5 in to  th e  to p  h a lf o f eq u a tio n  E-4 yields a  
co n d ensed  eq u a tio n  in  te rm s  of { u .} . T h is  is th e  p ro ced u re  th a t  is followed w hen 
s ta tic  co n d en sa tio n  is u sed  in  s ta tic  analy sis . I t  is an  ex ac t p ro c e d u re  b u t ,  in 
d y n am ic  analysis, it does n o t p ro d u ce  th e  d esired  re su lt o f e lim in a tin g  {u„} because, 
from  E q u a tio n  3, {p'0} d ep en d s  on  th e  tim e  derivatives o f {u„}.
T h is  difficulty can  be avo ided  sim ply by  ig no ring  th e  te rm  {u°} in eq u a tio n  
E-5. In  o th e r  w ords, it is a ssum ed  th a t
{«•} =  (G «]{  u .}  (E .8 )
T h is  m ay  be reg a rd ed  as a  c o n s tra in t re la tio n sh ip . S u b s titu tio n  of eq u a tio n  
E .8 in to  e q u a tio n  E . l  p ro d u ces  th e  com ple te  tra n s fo rm a tio n  from  {tty} to  { u ,}
'..'.g.j.fAj.,
s u b s t i tu t io n  ui eq u a tio n s  9 a n d  3 in to  eq u a tio n  2 followed by p rem u ltip li­
ca tio n  o f e q u a tio n  E .2 by \ I \ G ^  gives
"  1
l« , l  * (I (E .1 0 )
.***.
T h e  la s t s tep , i.e ., p rem u ltip lica tio n  by [ / |( ? U ,  en su res  th e  p ro d u c t o f th e  
m a tr ix  on th e  left aide o f eq u ario n  E .10 is sq u are  a n d  also  th a t  it is sy m m etric  if
[Afyy], [ 5 / / ] ,  [A //] ,  a n d  [A /y] a re  sy m m etric . T h e  la t te r  p ro p e rty  increases so lu tion
re liab ility  an d  reduces so lu tion  cost. E x p ansion  of [A '//], [Afyy], e tc ., in to  th e ir  p a r ­
titio n e d  fo rm s, a n d  p e rfo rm an ce  of th e  m a tr ix  m u ltip lica tio n s  in d ica ted  in eq u a tio n  
E .10  p ro d u ces  th e  final red u ced  set of eq uations:
[ M „ P 7 +  B „ P  +  * A ^  +  A M ] { f U  =  {P m( t ) }  ( E l l )
W h ere
[A m ] =  (A m +  K „ G „ )  (E .12 )
[« « .]  =  [A /.. +  M „ C _  +  G f . M l  +  G S ,A f„G „a] (E .1 3 )
{ PM) }  = { PM)  + GI.PM)} (E14)
T h e  b a rre d  q u a n titie s  are  th e  q u a n titie s  th a t  a p p e a r  in th e  uncondenced  
(a a )  o r (a ) p a r ti t io n , as illu s tra te d  in E q u a tio n  E .4 .
Appendix F 
Extraction of Eigenvalues
The equation for the real eigenvalue problem is 
|* -  = 0 ( F . l )
Most methods of algebraic eigenvalue extraction belong to one of two 
groups- transformation methods  and ’’tracking” methods.  In transformation m eth­
ods the matrix of coefficients [A- -  AM] is first transformed, while preserving its 
eigenvalues,  into a special form (such as diagonal or tridiagonal) from which eigen­
value- may easily be extracted. In a ’’tracking” method the roots are extracted, one 
at a time, by iterative procedure applied to the original dynamic matrix.  Before 
discussing the Modified Givens Method le t’s review the Given method.
F . l  T h e  G iven s  M e th o d  (G IV )
The Givens method requires a positive definite mass matix. There are 
no restriction on the stiffness matrix,  other than symmetry. It can be shown that 
such pairs of matrices will always have real roots, A. The Givens Method is the 
fastest method for small problems, specially when more than a few eigenvectors are 
needed. It finds all eigenvalues, so that it is not possible to miss any. The Givens  
Method takes little advantage of the sparcity of the matrices,  but floes handle well 
the dense matrices provided by the various reduction methods.  The steps used in 
the Givens method are as follow:
1. Perform a Cholesky decomposition of the mass matrix
|A7] =  [ f K £ lr (F.2)
Where [L] is a lower triangular matrix,
2 .Equation F.l  can now be reduced to the following "standard form" sy 
metric eigenvalue equation.
14.r>
1 4 6
(F.3)
where [jj is a symmetric matrix and [I] is the identity matrix. To do this, premultiply
method according to Wallace Givens[30].
4. All the eigenvalues of the tridiagonal matrix are extracted using Q-R 
algorithm(31,32],
5 .The eigenvectors of equation F.3 are computed over a given frequency 
range or, at user option, for a given number of eigenvalues using inverse iteration[3j.
6 .Physical eigenvectors are recovered by performing the inverse transfor­
mation to that made in step 3. and then solving Equation 9.
In the modified Givens method, the restriction that the mass matrix be 
nonsingular has been removed. Otherwise it is similiar to the givens method.
The steps used here are as follow:
where A, is a positive number automatically selected by the program to 
optimize the reliability and accuracy of eigenvalue extraction.
2. Convert equation F . l  to the standard form
Equation F . l  by [L] 1 and substitute for [M] from EquationF.2 to set
{ F . 4 )
To make the transformation
(FT))
which reduces equation F.4 to equation F.3 with
( F . 6 )
3. The [y] matrix is converted to a triadiagonal matrix by a transformation
(F.7)
F .2  T h e  m od if ied  G ivens M e t h o d ( M G I V )
1. Perform a Cliolesky decomposition of the positive definite matrix
( F . S )
(j - A/H*} - o IF.»)
where
14  7
A = — L _  (F.10)
A +  A.
and
!>] = [ir'iA/iiii-'-1' (F.n)
To do this, rearrange the terms in Equation F.2 to read 
[A' +  A,A/ (A f  A,)A/j{u}  -  0.0 (F.12)
Then premultiply the above equation by
[ M - j f =  °  ( F 1 3 )
premultiplication by [T] 1 and substitution  
{«>} = [T]r {u> < F.14)
3. The remaining steps are identical to those for Givens method, with
[J] = [j], and {ti*} =  {u,}.
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